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ABSTRACT

When redundant observations are available, hydrographic
posi*tioning problems require the application of a data adjust-
ment method so that all information may be ised for obtaining
the most reliable(’fiQ%z One of the oldest and best engineering
techniques developed for the purpose is based on the least
squares principle. The theoretical background is provided to
explain that principle and the technique for its application.
Also, the analytical éolutions, and respective computer programs
implementing them, are developed for the following hydrographic
positioning methods:

~a) fix by N azimuths; -

- b) f;g by N sextant angles: o .

- ¢) fix’by two range distances and one azimuth.
For each method, an illustrative application of the respective
compuéer program is presented.

rﬁe least squares adjustment method not only yields the
most likely values for the fix coordinates but also statistically
quantifies position accuracy. Relative accuracy achieved with
‘conventional survey methods is elevated to absolute accuracy

when redundant observations are made and adjusted using the

method of least squares.
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I. LEAST SQUARES ADJUSTMENT THEORY

In hydrographic surveying, the determination of position
is as important as the measurement of depth. Conventional
survey methods rely primarily on two lines of position (LOP)
to establish a fix. These LOP's are obtained by measuring
angles and distances directly. Alternately, electronic
positioning systems are used to establish a pattern of LOP's
(an electronic lattice) based on the propagation of electro-
magnetic energy.

Until recently it has been logistically unfeasable to
obtain redundant observations in hydrographic surveying.
However, with the advent of computers and miniaturized
electronic positioning systems, redundant observations are
now being made in order to increase fix accuracy and prevent
delays due to equipment malfunction.

Mathematical adjustment methods must be applied to the
redundant data sets in order to maximize the accuracy of
each fix. One such adjustment method is based on the
principle of least squares. It assumes that blunders and
systematic errors have been removed from the data so that
only random errcrs remain. This method yields not only the
best estimate of position for a given set of redundant LOP's,
but also assesses the absolute accuracy associated with each

fix determination.
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A. INTRODUCTION

In general, the redundant observations of any variables
in a physical system (such as in hydrographic position
determination) do not precisely satisfy the mathematical
model developed to represent that system. However, the
derivation of every mathematical model is based on the
assumption that the true values of the variables will satisfy
the model. The difference between the true and observed

value for any physical variable is called the residualj

residval = Trve value- observed value. (1-1)

In making physical measurements, true values can never
be determined. Considering the observed values as values
assumed by random variables following normal distributions,
every true value can be represented as the mean of a random

variable. Therefore, eq. (I-1l) can be rewritten as

VEQiAUal.= mean oF random variable- obs. value. (I-2)

The least squares principle establishes a criterion
for obtaining the best estimates of the true values. It
states that the true values will be such that the sum of

squared residuals is a minimum. For a further discussion of

this principle, see Appendix A.

inesinefioamie a




B. LEAST SQUARES PRINCIPLE FOR UNWEIGHTED OBSERVATIONS
Measuring different parameters of a mathematical or
functional model, we associate with each parameter a random
variable,)(i . Designating by X‘: the value assumed by the

random_ variable (the observed value) and by }t,: its mean

(the adjusted value), the residual V is given by

Vi =pi- )i (1-3)

For N observed parameters, the least squares fundamental

condition is expressed as

"
2 1 1 2
Z VL = V, + vz‘f'v-v + Vn = minimUm

Y]

or, in matrix form

v1 V = minimum ( I- 4)
where VTS [V, v1 ve, ] .

C. LEAST SQUARES PRINCIPLE FOR WEIGHTED OBSERVATIONS
If the N observations are unequally weighted, then the

least squares fundamental condition is expressed as

;]
7: 1 1 1 .

tw}
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or, in matrix form
T N
VWV = minimum (I-5,

where Wis the heh weight matrix. See Appendix B for a
more complete discussion on the concept of weighted

observations.

D. OBSERVATION EQUATIONS

In the expression for the residual, {“ is a known value
(the observed value) and }lf. represents (from a deterministic
point of view) the true value, thus satisfying the relation-
ship between the variables as expressed in the functional
model. The model must define an analytical expression
relating the unknown values with the known ones. 1In general,

)l; may be expressed as a function of the unknowns;

Piz fi (%, %2 .. ¥m)

where X;,X3,...-yXwm are the unknowns. Therefore, eq. (I-3)

can be rewritten as

Vie fi (xe xm )= Yoo (I-6)

The above expression is referred to as an observation egquation.

13




If {;' is a linear function, the observation equation

may be written as
VL‘ai,°+aiQX| +-'-+a‘:m xm “Ji (1-7)

where dig , di) ,-:- ,d0m are coefficients. The least

squares method does not require that the observation

equations be expressed in linear form. However, the compu-~
tations to determine the values of the unknowns are greatly
simplified if the observation equations are linearized,

b If 'F': is nonlinear, a Taylor's series expansion may be
applied to linearize the function. Since it is not
practical to work with all the terms of the expansion, only
;' the zero and first order terms are used. Thus, the linear-

ized form is an approximate analytical expression for ;L;

fis fi),rlax g_ § oot BXm %_; ) fi, .

X, m

Since the function FL’ and its partial derivatives may be

evaluated given approximate "initial values" for the unknowns,

the observation equations can be expressed as linear functions

of the increments

;i’aio +d 1 B8% +... +dim AXm

K 14
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iy = ?—{‘;L )t aim‘:%%:-;lo‘

Therefore, the residual Vt will be stated as

V(:’ aio +a|:| Ax' +.. . + 8,,'.,, Ax'n — v(: . (1-8)

It must be emphasized that, using the approximate
expression for y;, the least squares method will yield
adjustments ( &X) vy~ yA¥m) which must then be applied
to the "initial approximations".

Therefore, an iterative solution is required to solve
for the final values of the unknowns. The first adjusted
results are wsed as the new initial values, and the obser~
vation equations must be formulated again. This process is
continued until the increments become vanishingly small or,
from a practical point of view, converge to within a

specified tolerance.

E. LEAST SQUARES ADJUSTMENT METHOD
Considering eq. (I-7), and combining the constant terms,

a new expression for the observation equation is obtained

15
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V':zai,‘ X|+.--43£m‘/m - Lq: LI“g)
where Ly = b'f - dio.

Then, the N observation equations can be presented as the
following system of I equations with m unknowns, where

n>m for the case of redundant observations:

'\/13 Au X, + ... +adm Xm — Ll
(1-10)
tvﬂ :an‘x"f... “'ahh\ X...- Ln

or, in matrix notation, as

V-AX-L (1-11)

where

SRR
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Equations (I-10) and (I-11l) express the general form of the
observation equations. By imposing the least squares prin-
ciple that V'W Vsminimum, a set of equations are obtained
which can be solved to find the best estimate of the unknown
values. These expressions are known as the normal equations.
For the observation equations as expressed in eq. (I-10),

they form a set of m equations and m unknowns:

[“’\'- ai’; 1". ... ¢ [w.:au acmlxm-[w.:a:.. LL]:O
) S (1.12)

{w;a;.,. aultt. .. + [wiaimt | X - [0 aim li]=0

J

where the brackets have the usual meaning of sum (L%} L,...)l‘l).

In matrix notation, the normal equations are expressed as

AWA)X - AWL. (I-13)

The normal equations are used to solve for the values of X;

Y (AWA) (AWL) (I-14)

where X is the vector whose elements are the adjusted values
for the unknowns. For a more complete development of the

normal equations see Appendix C and Appendix D.

17
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F. PRECISION OF OBSERVATIONS
When observing an unknown variable a finite number
of times , m , the value of { can be estimated by comput-

ing a sample standard deviation, S,

following formula:

according to the

[ & 1% S )
-2
(Xe- %) Z“ Vi
S = vl - L
=l -1 |
! ) |

where yt (ia 2,oe0 ) represents the observed values and
32 the average value, for a set of equally weighted observa-
tions.
Similarly, if m unknowns are (indirectly) observed
h times, the best estimator for  is the sample standard

deviation, S, represented by the expression [REF. l]

@ CREVIRT
; | =12 Z 2 L
; (Xg-X) VQ

F o= Te - Vs ) —

n-m v

| L 4 b

§

E.

}

assuming all observations are equally weighted. The value

r = n-m in the equation is known as the "degrees of

freedom".

TV VYT N IV
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A set of hj observations with assigned weights

"
Wy e, Wy is equivalent to a set of 2: W, observations

(AL

which are all equally weighted. Thus, an artificial set of
observed values is created in which w,; observations are
equal to the 1lst actual observed value, W3 observations
are equal to the 2nd real observation, and so on for the
remaining weighted observations.

Given an arbitrary set of weights, the set may be
scaled so that the smallest weight has a value of ONE. This
scale factor is known as the variance of unit weight, S: .
For a more complete discussion of this topic, see Appendix F.

Therefore, in the case of weighted observations, the

'best estimate for the value of the standard deviation of

unit weight is given by

o k%
S, - WY (1-15)

where T is the number of unknowns.

In matrix notation, eq. (I-15) is written as

S,. | YWV (1-16)

h-m

19




where N , the number of unit weight observations, is given

by the trace of weight matrix

h= trace(W)s hz‘ we . (I'l7)

be)

i th

The standard deviation of the | "™ observation (with

weight Wy¢) is given by

5( 50 (1‘18)

Wy
a G. PRECISION OF ADJUSTED VALUES
F The elements of veztor X (¥ ... ¥m ) given by
( T - T
2 X-Uwa) (ATW L)

represent the adjusted values of the unknowns. The matrix
T -{
{A WA ) is known as the variance-covariance matrix Q, and
individual elements are identified by the term q.j .
The standard deviation of each adjusted value X is

given by
Sy = 5, V41 (1-19)

where j'-’ L, so that the ‘]gj terms are diagonal elements of

the matrix (ATWA )

20
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The covariance between adjusted values X; and ¥ ) is

given by

. 2 .
e fzaxiyj = 53, ‘1éj' ( I 20)

For hydrographic position determination problems,
the adjusted coordinates x and y correspond respectively
to elements ¥, and Xq of vector X (¥,,71).

Therefore, the standard deviation of adjusted coordi-

nates x and y 1is given as

Sx = 5o Vo (1-21)
57 s 59 722

The covariance between adjusted coordinates x and y is

given by

Es,¢7 = Ei? 7'1 {I;'Zz )

where factors q,, ) ﬁn and ¢1 ;2 are elements of the

symmetric square matrix

Q: WWAY = | Tl
ﬁzn 121

21
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For a more complete discussion of precision of adjusted

values, see Appendix G.

H. THE ERROR ELLIPSE

Position errors are two dimensional and must be evaluated
in terms of the errors along the x and vy axes. Since
the maximum and minimum errors do not necessarily occur along
these axes, the orientation of these maximum and minimum
errors must also be considered. Positioning errors may be

evaluated in terms of the error ellipse (See Fig I-1l).

FIG I-1: ERROR ELLIPSE
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The greater errors occur along a line making an angle XO

with the z-axis (measured anticlockwise) such that

cot 2¥o - Fu = 2z . ( T-23)
Z 14,
The respective standard deviation is given by the semi-

major axis length of the error ellipse

{
Sa. S, | 29u Ga T (1-24)
Qs ¢+ 922 -~ D

where ¥

Da [(G‘u'q‘l%)a + & qz:. 1.?.
The smaller errors occur along a line perpendicular to 53 ’
and the respective standard deviation is given by the semi-

minor axis 1length of the error ellipse

Sy. S5, | 29 daa % (1-25)
Yot 9P%a ¢ D

The derivation of these equations is presented in Appendix H.
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II. APPLICATION OF LEAST SQUARES ADJUSTMENT

The determination of a vessel's position at sea is a
typical hydrographic problem for which the least squares
adjustment is particulfarly well adapted. Various methods
can be used for fix determinations. In this thesis, the
following three methods will be presented:

a) fix by N azimuth angles

b) fix by N sextant angles

c) fix by two range distances and one azimuth angle.

For each method, the least squares adjustment is
applied in the following manner:

lst: solution of the problem for particular conditions

2nd: numerical example

3rd: solution of the problem for general conditions

4th: formulation of an algorithm for the general

conditions case

Sth: implementation of the algorithm in Fortran language ,
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A. FIX DETERMINATION BY AZIMUTHS

1. Solution for Azimuths from 3 Stations

a. Determination of Adjusted Coordinates _
Given a positioning problem as diagramed in
FIG II-1, where:

A‘p - is the observed azimuth from station 1 to
vessel position P

AH’ < is the observed azimuth from station 2 to
vessel position P

As? - is the observed azimuth from station 3 to
vessel position P

and

(¥1¥s¢) - are the grid ~oordinates of station 1

(¥2,y¢) - are the grid coordinates of station 2

(¥3,¥3 ) - are the grid coordinates of station 3

the grid coordinates (xy) of vessel position P

will be determined.

Step 1) Formulation of observation equations
The analytical expression for the azimuth from station &{
(x,3;) to P (xy) 1is given by

Az, (radians), 1an o Fixy).
- J¢

The function F(xy) must be expressed in a Taylor's

series around an "initial position", P , whose coordinates
o
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are defined as x, and Yo - Evaluating the zero and first
order terms of the series, the following expression is

obtained:

AZ - fan" Yo - X¢ . (Yo=Y ) AX - (X=X )ADY
P Yo - V¢ (X0-%:)* + (VoY )2 .

Designating the distance and azimuth from station L ()(L,YL )
to the "initial point" P,(Xo,‘/a) by 5,-_0 and A2,
respectively, then

stO = [:(Yo‘ xi)z*' (Yo - 7£)1 }}Q

and

Az, = tan~ Yoo X¢
Yo - Y °

Therefore,

]

Az, . Az, Joo X px . X2 XL Ay
L LO (5., ) (502

and the observation equations will be (for i=1,2,3)

Vi Y=Y ax . Xe-Xi _ (Ajp-AZj,)
(S5:4)" (Si0)?

27
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where A is the observed azimuth. In the matrix form
e

AX"L"V , the obs. equations will be

|

[ - r [~ 1

Fed__ Ker Ap- Ar, | |V,

(S16)* (S10)*

LR LA - ek | 1BX| _[Age - Azg, || Ve |

(520)% (S520)%| |0Y J

...?2'_32. — _X-‘ﬁs_i A3P - Azsa \/3

Y

i (S 30) (S30) ) B ] L 1.

The angles must be expressed in radians.

Step 2) Normal equations

Forming the normal equations, the adjusted values for A X

P and 84y will be given by

X (ATWA) (AwWL)

where X . |ox
a4y .

Step 3) With the values 4 ¥ and Y a new "initial point"

P; (¥o ,‘J:a ) will be obtained;

B ALAR DN ga S8 e e o ———
GRS Lt et et
LR e e

{ Yo Yo + 48X

. ‘Y .YT_ IR

Joz Yo+ 4 Y
. and the procedure may be repeated in an iterative way until
- the increments AX¥ and 4 Y become vanishingly small. Then,
‘ the most probable values for the coordinates x and y will
3

coincide with the coordinates of the last "initial point" obtained.

cal
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b. Precision of Observations and Adjusted Values

Step 1) From observation equations A X-L = V , where X
has been obtained by the least squares method, the residuals
are obtained, i.e., the differences between the "true" and
observed values of the parameters.

Then, the standard deviation of unit weight is given

by

(A 2 2 ]
so w,V, Jw, Va4 wy Vs /2-
Y
w.'u-iz.f ua - I

where '™ is the number of unknowns observed. For that problem,
the unknowns observed (indirectly) are x and y (m=2),
Therefore, in matrix notation, the above equation is

expressed as

So . [ NWYV
tegce ( W) -2

where trace (W)= w,+ wy+ wa

Step 2) The standard deviation of each observation (with

weight W¢ ) is given by

1
Si. [ 2e ((=1,2,3 )

LN
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Step 3) The standard deviations of adjusted values are given

by
S . S Jau
sj z .So ‘122 .

The covariance is given by

‘S>ﬁy = ﬂlz -‘Soz.

Step 4) The correlation coefficient P between x and vy

is given by

c. Error Ellipse

Given the matrix

Q . (ATWA)“ - 9ie iz
Q2 N

and the standard deviation S of a unit weight observation,

the error ellipse parameters will be determined.

Step 1) Obtaining the value D,

D= [(QN‘QZ‘I)‘L* 4 ?x: ]/Z

30
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Step 2) Semi-major axis,

)
52 . So 29u Qa2 A
Q4+ 922~ D

Step 3) Semi-minor axis,

%
Sb= So Z 94 922 A
Qu+Qaz + D

Step 4) Determining the angle Y, (measured anticlockwise)
from x-axis to semi-major axis:

4.1) The angle b"’ will satisfy

tan(2ys - tan 2 - 292
Gu = 922

4.2) For computer applications, L is defined to
fall within the following limits: - T/2 £ Q € w/2
Then,
a) if Qus 92 ., choose Y=T/4
b) if o, $ 922 and LL>o , choose ¥:02/2
c) if 9w # 922 and <o , choose ¥ (SL+TW)/2

4.3) The intersection of error ellipse,

A}

2 s
q‘llx‘ZQtz Xj+q|. yl-q“ q‘zz 50 = ©

with the straight line y = xtahy, is given by », and Y,
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such that

x‘2 - q 1] ‘71.1. SQ'z
Qaz- 2 Qq,g tany +q, tan ¥y

tj?; xt. tany

4.4) Considering

2
D.:Xcz*Jat

2 - [
Do;L($a+5b)/2]‘
a) if Df > D,' , then ¥o. ¥
b) if pl¢ p} . then o= y+Ti2,

2. Numerical Example

a. Determination of Adjusted Coordinates
The U.T.M. grid coordinates of shore stations, in

FIG II-1, are:

‘COORDINATES | LUCES (#1) | MUSSEL (#2) | MB4 (#3) .
x (EASTING) 595,794.5 597,967.8 603,425.2
y (NORTHING) | 4,055,042.7 4,053,453.2 4,053,917.2

For illustrative purposes, the standard errors
for azimuth observations made at each station were assigned

the following values: @, : .02 , @ 20%624 , @3 .0° 018,
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The observed angles at each station were:

[~
P - LUCES - MUSSEL = %, = 50. 164,
P - MUSSEL - LUCES = oz = 99.° 360,
P - MB4 - MUSSEL = o3 = 47.°865,

Step 1) From the grid coordinates, the following azimuths

between stations are obtained:

A, . tan f“‘“ */ (Jt-.‘h)] s 126781,
A‘u a A‘z + |3°° s 3°6? {81,

Azz > tan [(“'1." )/ (’1‘33).1 = 165% 140

Step 2) The observed azimuths will be

AIP s Anz-— «, = 753o(7,
Azps Az, + % » 45° 541
A%P 3 Azq ¢+ ola 2 3l5?oo.5'.

Step 3) Formulation of observation equations
3.1) The first "initial point" is determined by the
intersection of azimuth lines from stations #1 and #2 expressed

by the equations

3-Y,; 3 ™My c)“xo’
Y=Yz = M2 (X=-Xi)

Solving these equations simultaneously to find x and vy ,

these values are used as the coordinates (Xeo,Yo) of "initial

33
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point”, where

{X, . 600,877.5
Yo 4,056,308. 4,

1)

3.2) Determining azimuths between stations and "initial

point" Po (Xa,)’.),
Az, - tan™ [(:{,- X) /(% -1)] = 76.017,
Aiw :tan..[(xa‘xz)/‘.Yo'Yl)]: 45‘:542,

Azz, o tan'[(Xe -x30/ (% -¥s) [=3137 185,

Then, evaluating the elements of the L matrix:

AIE - AZ,, - O..OOO = 0.0 l‘ad,
Agp - Az3o =-0.001 --0.000 0115 rad,
Asp _ Ais, =-0.180 =-0.003 (416 rad,

3.3) Determining squared distances between stations

and "initial point" Ez ,

2
(SIO) = (yo.x,),"l_ (Yo-‘/n)z = 27, 438, 895,
[510 )2 = (v.;-xz)"a- (Yg—\/g)z = IG, 618, 5%,
(Szo )% = (¥ - (Yo-¥3)'a 12,208,613,

3.4) Then, evaluating the elements of the A matrix,

2
Yo -, )/5\3 = 0.000 046 | (¥ -%)/[S,p 5-0.0001882
L Z
(Yo-¥2)/Sq, ¢ 0.000 1718 -(v.-m/sz, = =0000 175

(‘/0°‘/3)/53: 20.000 1959 -(Y,-Ys)/sgg a 00002087
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3.5) Therefore, in matrix form, the observation
equations are written as

-

-
0.0000461 -0.00018512 [Ax] 0.800 000 \V/

0.0001718 ~-0.,0001751| lay|~[-0.0000178 = Va

l-o,ooS 1416 Vs

0.000 1454 0.0001087

Step 4) Solution of normal equations

4.1) Determining the weight matrix,

2
T, 2. 0020 —» /07 a

2800
0 .0.020 — /7Y, (736
Tss0018 — /03", 3096,
Considering the least weight equal to ONE, it will be obtained
that
w; o .44 ldbd o o
Wy 4 .00 or w: o Vo o
m’ - ‘.78

o o |18

4.2) The solution of normal equations is given by

X 2 (ATw Al (ATwW L),

4.2.1) obtaining matrix

A1W, 0.000 D664  0,00017/] 0.0003487

4.2.2) obtaining matrix

A’WA s | 0,000 000 t0 0. 000000 0%
0.000 000 03 0.000 000 40
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, 1 -1
4.2.3) obtaining matrix Q= (AW A)

Q = | 10,471,204 -1,5%, 681
-1,87%,68)  §,235, 602
;

4.2.4) obtaining matrix

AT\,J Ls] =0.000 0ot 1

- 0.000 001 ¢ ,

4.2.5) finally, vector X 1is evaluated by solving

the normal equations:

X.|-a.6

-4.6

Step 5) First adjusted values of x and vy
With the increments A¥ and AY a new "initial

point" is obtained:

{ Xo : 600,877.5 - 9.6 = 600,861.9
Yo = 4,056308.4 - 4.6 =4,056,303.8 .

Step 6) With the new values, for the "initial point", the
procedure indicated in steps 3.2, 3.3, 3.4, 3.5, 4.2 and 5
is repeated, and with the values now computed for AX and

Ay a "closer" initial point is obtained.

36
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Step 7) This iprocedure must be repeated, in an iterative way,
until the increments 8% and 4y become vanishingly small,
or, in practical terms, converging to within a specified
tolerance. Then, the last "initial point" obtained will
coincide with the most probable position for P(x,y).

b. Precision of Observatioré and Adjusted Values

Step 1) The residuals are obtained introducing AX= -9.6

and oY a -4.6 into the observation equations. Therefore,

Yi D.000 409 4
V:| Ve - |-0.000 826 3
Vs 0.000 300 9

Step 2) Obtaining scalar va Vv,

VTW V = 0.000 00| 085 .

Lan e o g

Therefore, So = 0.000 6992 radians ,

Step 3) Obtaining standard deviation of each observation,

i B 3 5k

Then,

S,. 0,000 5827 rad - 0033
S, . 0.000 6382 rad 0°04q0
Sy : 0.000 5241 rad = 0°030.,

Chatiiet S & ¥4l
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Step 4) Standard deviation and covariance of adjusted values

x and vy,

Sk = 5,9 = 2.26
57 = S.Jsz = |.60
Sxy = S: ﬁll = -0.7‘8 .

and S are expressed in the same units

Note, S

x b 4

as the grid coordinates.

Step 5) Correlation coefficient,

Swes
Sx . Sy

0.21

P:

c. Error Ellipse

Given:
S, = 0.000 699 2

qll = '0) ‘07() 204.
e = 5,135,602,
92 2 ~-1,870,681.

the error ellipse parameters will be obtained.

Step 1) Determining D,

2z

Z
D= [(q“ "qz'&)z*' 4 q‘-; ] 2= 6) IOSI 703 .

Step 2) Semi-major axis,

: 53: 50 2 22 1: 7.36,
L Qu+ 922 - D

F

: 38
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Step 3) Semi-minor axis,
<A
sz So 29 91 = .57
*tF92 ¢ D

Note, Sa and 5(, are expressed in the same units

as the grid coordinates.

Step 4) Determining the angle X" (measured anticlockwise)
between x-axis and semi-major axis 53

4.1) The solution of equation

'tan.Q. = ______24,1

. . Fu- Q22
is SL 2 -30.964,

4.2) Since q,, #qq, and SL <O ,then

. $
. Ya _-'Z»__;_‘_?.e = 74°52,

.. 2 2
P 4.3) Obtaining X, and Y, ,
- 2
5 { X,"= 0.175
E‘ 5123 2.28 .
F 4.4) Obtaining .D.z and D,z,
' { D,"_—, th+ jczz 2.46

- 2

3 0y - [(5a+Su2/2]1 - 3.86,
tr-: 4.5) Since .D;ll < Dzz , then
o °
> b’,, §+90= 164.51  (See FIG II-2),
4
¢
L.
g 39
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FIG II-2: ERROR ELLIPSE

All of these computations may be compared with
those shown in the computer output section on page 148 .
Differences in the iresults are due to the fact that the cal-
culations illustrated on the preceeding pages were only carried
out for one iteration.

3. Solution for the General Case

The solution will be presented in a way that can
easily be implemented by an algorithm satisfying a modular

design.
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a. Determination of Adjusted Coordinates

Given:

a) the grid coordinates of N statons S (x; 3¢,
where the x-coordinate represents EASTING's
and the y-coordinate represents NORTHING's

b) the azimuths A(,p (t::l,..., N ) from stations
5,; to vessel's position P (xy)

c) and the standard deviations Uy (c=1,2,...,N)
of observed azimuths,

the adjusted coordinates for P(xy) will be determined.

Step 1) Weight matrix W

1.1) Squaring the inverse of standard deviations W,

-l——- (f:al,?.'...' N)
G-E‘l.

|
L]

L

1.2) Designating by “"lt the least u:',; , the

weights Wy will be obtained;
W s (Lo l,2,..., N),
1.3) The elements of square matrix W will be such
that

Weyj e ¢ © ,{-70" L £ (L; J=1,2,...,N),
wt.')(or L= |
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Step 2) Observation equations
2.1) Determination of first "initial point"
2.1.1) Designate by Akp an observed azimuth Ai.p

(i=2,3,...,N) such that

tan AKP # ta" A],P.

If no such azimuth is available, then the vessel's

position is undetermined.
2.1.2) The intersection of the azimuth line Akp

from station K (X yx) with the azimuth line Agp from
station 1 (¥,;,y;) determines the first "initial point"
P (X5,% ). Therefore,

a) if Ap=nT (n=0,1) , then [ will be given
by

Xo:.-X,_
YozJIn+ tan (f‘g'" - Axe ) (XL—XK)’

b) if AKP‘ n 1t (n=o ¢), then i?, will be given

by
Xoz Xn
, Yoe Y bﬂ (_‘1‘! - AlP )- (xl(""(t) ’

-~ c) otherwise, Y will be given by

= Xop 2 JE= 1+ ™ 1= M XK
m‘— [ a ¥ 4

Jos Jy+ My (Xo = X3)

i' 42
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where

myctan[(5T/2)- ALp ]

mrotan [((57/2) - Axe ]

2.2) Determination of azimuths A‘i;b between stations

S¢(Xi,yc) and "initial point" P,
2.2.1) Two angles, A‘Z‘:o and (AZ;,+W) satisfy the

equation

— S L
RADAR S

A?l‘_ogtah.‘ ._)‘./_’_.‘_’_{_"... (i:l,l,...)N)_
Jo -3¢

S ] v
S Pes £

v i € at

2

Also, Af ,:o must be a positive angle between 0
i and 2W. Since, in general, calculators give a solution
F between (- W/2) and (+T/2 ) , a criterion will be estab-
::; lished for selecting the valid solution.
_ 2.2.2) Criterion :
F a) if Yezxy, and ¥,>X; , then AZ,'.O=17/7-
{:- b) if YesYy¢ and ¥, ¢XxX¢ , then AZ;°=37"/2

c) if Y¥o=X! and Yo>Y  , then AZy, =0

;"E d) if Xp=2X. and Yo <Yi{ , then A2£°=17
For )(o# X( and Jo ¥ y. . designate by o((,
the solution, given by a calculator, of
4
p— - ) .
& X e Lan Xe-¥¢ (L=1,2,..,N) .
: Jo-Yi
&
43
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1.1

Therefore,

Step 3)

e) if o/,;o)a and Xoyx¢ , then A2g°=cl;_o

£) if ;,&0 and Xo»X; , then AZ;y=cliotl
g) if ofio >0 and Mo &X¢ , then A2y =oli,+T
h) if ol o400 and Xeo<(¥y , then Aaio =6l 120

2.3) Determination of elements L[, of matrix L:

L; 2 Atp- Az ({22, N

2.4) Determination of squared distances between S| (¥} 3yi)

and F, (¥s Yo ):

2 2 2 .
Sipx (Ya=Xi) 4+ (Yo=Y (Ls,2,-,N).

2.5) Determination of elements A(j {Lz(,.s, N ; fa 1,2 1

of matrix A

a- » yo-'ﬁ: (‘;".z . N)

| 9 (5“°)7- [} ’

Bigas - Ze o Xk (Lady2,--0, N)
(51'.4)1 ’

Normal equations
v

3.1) Determine matriz A4 W (a matrix 2 x N),
T

3.2) Determine matrix A WA (a matrix 2 x 2),

T -
3.3) Determine matrix (A W‘) ! (a matrix 2 x 2),

44
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1
Since AWA is a symmetric matrix, then its
-l .
inverse matrix will be Q = (A'WA) , also symmetric,

such that

A“ Alt Qu Qﬂ = 1 ©
A1| A:t Qlo Gu o 1 .

It can be shown that

2
Oua —A11./ (An"' Au. A1z)
QI’L < Gzl z A 12 / (Al:" Au . Azz)
Gf.z:—Au/ (An':'—A". Azt).
3.4) Determine matrix ATWL (a matrix 2 x 1).

3.5) Finally, determine

X. |ox | - tAwa)"' (ATW L),
8y

Step 4) First adjusted values
With the values O and Aj the coordinates of the

!
new "initial point" Po (Xo, yb) are obtained:

X% = Xo 4+ 4 X
Yo =yo+sy .

Step 5) 2nd ‘iteration
For obtaining a "closer" initial point repeat the

steps 2.2, 2.3, 2.4, 2.5, 3, and 4.
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Step 6) Next iterations

Repeat Step 5 until O&x and Oy
small, or, in practical terms, converging
fied tolerance.

Then, the adjusted values for x
with the coordfnates of the last "initial

b. Precision of Observations

Given N (number of stations) and
W and L determine:

Step 1) Matrix of residr=2is V (a matrix

V=AX_-L
Step 2) standard deviation 5,

2.1) Obtain VWV (a scalar).

become vanishingly

to within a speci-

and y will coincide

point" obtained.

the matrices A, X,

Nx1l)

of the unit weight observation

2.2) Obtain trace of weight matrix W;

N
tnce(W) = Z Wy

LI

where W;p

2.3) Finally,

S. -

(in radians)

Se

Yl V
tracc( wy-2 °

is a diagonal element of weight matrix W,

will be given by

Step 3) Standard deviation SL; of each observation (with

weight w; ),
Sia —22
L ]
vV owyg
where §; 1is expressed in radians.
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FIG II-3: FIX BY 3 SEXTANT ANGLES
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B. FIX DETERMINATION BY SEXTANT ANGLES

1. Solution for 3 Sextant Angles (Between 4 Stations)

Given a positioning problem as diagramed in Fig II-3
in which:

dpz ~ is the observed sextant ingle from P between
stations 1land 2

®,p3 —is the observed sextant angle from ¥ between
stations 2and 3

H3ps - is the observed sextant angle from ¥ between
stations.3and 4

and

(%,% ) - are grid coordinates of station 1

("3,31) - are grid coordinates of station 2

(xa‘y,\ - are grid coordinates of station 3

(Xq;/,,) - are grid coordinates of station 4

the grid coordinates (xy) of a vessel's position P

will be determined.

Step 1) Formulation of observation equations
The analytical expression for the sextaht angle
°‘if (Cri) » from the vessel's position F (x,y) , between

stations L[ (X¢,y¢) and L+ (x,;..‘)y,_'*.) is given by
o‘f.f(ﬂ#l) (in l'aJ.ans)-,- At?('—'-ﬂ) - A%?': =

Ton' Xeer-x _fan ' Xi=x_ . F(x,y).
e =) Je=Y

48
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The function F(x,y) must be expressed in a Taylor's
series around an "initial position", F; , whose coordinates
are defined as ¥, and Yo - -Evaluating the zero and first
order terms of the series, the following expression is

obtained:
F(?‘j): AZB(L.”)" Aigi =

tan™' Xisi - %o _ tam' _Xi- ¥o

+

Jier = Yo Yo =~ Yo

Yo = Jies _ Yo ~ Y Ax +
(Yo- Jire)2e (Xa-xie)? (Yo-yi 124 (X ~xc)?

Xo = X¢ - Xo = X< Ay
(Yo=Y )‘l ¢ (Xo =x¢ > (Yo = Yias 4 (% - "C-n)z

Designating by 5,; and SO“*‘) , and by Aiot‘. and A!au_’,,),
the distances and azimuths between "initial point" P,(Xo,j.)
and stations ( (Xi,yi) and L4t ¥Us1,Yin) , respectively,

then

7

50:: H [(xi""O)t"(yt-YO)t]
50(“.*') = [‘(x"‘“‘-xo)t" CYin -yi,t ]‘/z
Az, . tan” [(x;-xo)/(jc-:n]
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and,

O P(eser) = Aza([,,) - AZ,. 4
[(jo"’l:-h )/(50 (b.i" )2- (jo' ji)/(sa':)zlbx +
{(X--xa)/(soz M C TR T VACIIRS S V-

Therefore, the observation equations may be expressed as

(for i= 11213)

VL = [yo.j;“ - j—-——-—‘-x ]Ax +
(50 (4.'-"))1 (Soc¢)?

Xo =X ) Xo = Xvas ay - .o(. e 4 AZ .- A2 "]
((sof)z (So(,_',,))‘} l c8 (ew) 0 0 (L41)

where of J@ (¢si) is the observed sextant angle. In matrix

form, the above equation is expressed as

V- AX-L

where - —
(501)’ (Sar)? (Sei)? (S.;z)z
A Yo- T3 - Yo-Js Yo -Xt.  No-¥3
Tl (Se3)t  (Se2)t (Se2)*  (Ses)
Yo-Ju _ Jo-Y3 Xo-X _ Xo-Ya
] (Ssa ) (Se3) (Se3)®  (Saa)? |
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! In that result it should be noted that the angles
E are expressed in radians.
Step 2) Normal equations

a_ Forming the normal equations, the adjusted values for

0 '..',:.\".

AX and AY will be given by

X = (ATWA) (A"WL).

Step 3) With the values &8X and AY a new "initial point"

Po (Xb,Yo) is obtained,

{ X:, z Xo+ AX
JL = jb-PISj ’
and the procedure will be repeated in an iterative way until
the increments 4X and AY become vanishingly small.

Then, the most probable values for the coordinates
x and y will coincide with the coordinates of the last
"initial point" obtained.

2. Numerical Example

Referring to FIG II-3, the U.T.M. grid coordinates
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of shore station are:

Coordinates| MB4 (#1) | USE (#2) | MUSSEL (#3)] LUCES (#4)

x (EASTING) 600,425.2 600,372.0 597.967.8 595,794.5

LSO e e ] LI e NOAD
ST H O SN Ed A
DR - v, N . . .

y (NORTHING) 4,053,917.214,051,216.9 | 4,053,453.2 | 4,055,042,7

The observed sextant angles are equally precise; thus, the

A Shme u ——
RPN A

weights will be

w, = Wwe 2 wys 1,

and the weight matrix W is the identity matrix

[ o (o)
w 2| O | o
o o |

The following sextant angles were measured:

MB4 - P - USE = ol |p2 49927

38%.130

USE.- P - MUSSEL = ol ¢3

MUSSEL = P - LUCES =olg,, = 30%396

Step 1) Formulation of observation equations

1.1) Determination of first "initial point" P,, (Xo0,Yo0)

Ya-Yo Y= Yo

[“

e

¢ 1.1.1) The first "initial point" P, will be the
[

g point determined by the two sextant angles & ,py and o/3p3
-

% such that

F_ x, - xe >(:- xﬂ

: - 7! - ’0 Ni=- JO

: 1 s Xy -Xe > - Xeo

H

»
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and

X3 = Yz~ Xo
e ——— -

tan ypy: LanlATos AZyy). Y3 Yo Y1 -Yo
1* X"‘XO . Y‘-x.
Y3-Jo Yz-Yo .

1.1.2) After some algebraic manipulation, it will be

obtained that

jos C’(oi' D

where
J2-3¢ Ya-yz . X - X3
C. _tande, tandars
- x -
ﬁ—-——’— - _,:.:—_,:!.-.. - j‘ + 33
taﬂ dzpa ta" d,pz

! and

JiNz~ DX | JaXs- Xa¥s Ly 93 4 ¥a¥3 -Yidz =X X2

D. tanodlsq tan oqes

-

v

i RYS T TTE

Y;-X; x"’ xz - Jl + 13
tan o ,, tanat p,

1.1.3) The value X, will be a solution of eguation

U":‘* Rws, + S:zo0 (I ~1)
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e Ul tanopy - (e
'tah Q‘lft [QCD‘ C(jg#jz)‘(xl*xz’] -

> o
T

CX-¥z)+ Y, ~ Y2

and
_t 1
S atanclpy | D-D(yi+¥a) + %1% +3 32 | -
D({x\=%2)-Y,va +y; x, .
1.1.4) Two solution sets, (X, , Y, ) and (X2 s Yoa)
satisfy eq. (II-1). The valid solution corresponds to the
solution set that, introduced into the following expression,

yields the value that best approaches tan<x152 :

(X2~ x¥0) (J,-Jo) = {X)- Xa) (Y2 ~Yo) _.ta"e(lp (ﬂ"’Z)
(Y2 =Ys) (Y,-Ye) + (¥2=Xa) (¥, - Xo) 2

1.1.5) Using the numerical values

tan R, p, = 1.1887 tan X,p3 = 0.7850
%)= 603,425.2 Yi= 4,053,917.2
X2= 600,372.0 Jz= 4,051,216.9
¥3= 597,967.8 3= 4,053,453.2

it will be obtained

C = .1.109096 D= -2,618,387.9
U = 147.885 403 R = -1.776434 x 108
S = 5.334 734 3 x 1l0i3
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The two solution sets satisfying eq (II-1l) are
{ Xo) = 600,833 and
Yoi = 4,056,325

Xoz = 600,390

Yoy = 4,051,405 .
Introducing the first solution set (¥,,,Y,, ) into expression
(II-2) the value 1,2923 will be obtained. Introducing (¥sq,
Yo2) into the same expression,the value -0.9944 is obtained,
Since the first set is the one that best approaches the value
of tan o = 1.1887, the coordinates of first "initial point"

i
are

600,833

¥0 = XQ'
o'-'jg' = 4,056,325
1.2) Determination of azimuths between "initial point"
Pa(x.,,j,) and stations S (x'_-’_":) ,  (i=1,2,3,4) :
- o
A?o P = tan [(Xl‘xa)/(§|~jo) ] = 132, 888
AZyq = tan [(xz%) /| 31.-5-)]= 85157

Ai"% tan" [()(3-101 / (ﬁ-jo) ]’-’ 224?334

Az, o [(x,.-x.) [ (Yu- Do) ]-255? 721,
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N Then, o
X Kps ¢+ Ae, ~A2oz = +2.342 : - 0.040 BI56 Fad
[ 4]
! 20y * A2 42 ..Ag” s .:; 641 - . 0,028 2456 Fad
wgey t Aoy - Atoy 2-0.391 = -0.006 824 2 Fad,
' 1.3) Determination of squared distances between F,
and stations:
t 2 2
(50' ) = (,l‘ I’) + (3‘ ‘30) = 12,517,002
1 k3 2
[S50;] = (5-%)" + (yy-94)* = 26,305,207
1
(403 ) = (-0 + (y5-90)* = 16,456,606
1 z
[So4 ) = (¥u=%o)" + (44-92)* = 27,030,776 .
1.4) then,
Jo-9r _ %% ., s0000l B Xo-X1 = ¥o-¥a . _ 0.000 224 6
(Ss3)* (So)? (Sol)* " (Se2)?

Yo-93 _ Ye-dr . _p0000i97 Xe-Xa _ Ye-¥3 . _o0. 000156 6
(Se3)®  (Sea)* (5p2)" (Sos)?

30-94.‘ _ Ya-93 2 . D.000 127§ %-x¥3 _ Xo =¥y . =0 oo0o0l2 3
(Sou)? (Se2)* (Sos)* (See)® .

1.5) Therefore, in matrix form, the observation

equations will be expressed as

-0.018 745 6 \G
~0.006 824 2 A

Q x
-0,0000i1917 -0 000 156 6

+ 000000 98 - 000017224 6
(A 3
-0,000I271 -0,000012 3

1 -0.040 815 6 V.
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Step 2) Normal egquations

The solution of normal equations is given by

X: (AW AY (ATWL),;

2.1) obtaining matrix A' W s

T
A W 2 |0.000 o001 B =0.000 019 7 -0,000 1271
0,000 224 6 <—-0.0001566 ~0.0000(t3

2.2) obtaining matrix A' W.A s

AVWAz 1.65 » 16 ° 424 x 10"

4.24 » 167 7251 %108

2.3) obtaining matrix Q = (AT W A)-',

QR - 61,498,178 -3,472,073
-3,472, 073 13,811,606 |

2.4) obtaining matrix ATW L ’

T -6
AWL: |1.360 x 10
[.37TT1 « Ics-5

2.5) finally, vector X it will be obtained

X.|3s8

8.3 ],

Step 3) First adjusted values of x and vy
With the increments AX and Aj a new "initial

point" isobtained;
{ Xo :600,833 +35.8 = 500,869.9

Yo = 4,056,325 + 181.3 = 4,056,506.3 .
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Step 4) With the new values for the "initial point", the
procedure indicated in steps 1.2, 1.3, 1.4, 1.5, 2 and 3 is
repeated, and with the values now obtained for AX and 07
a "closer" initial point is obtained.
Step S5) That procedure must be repeated, in an iterative way,
until the increments AX and A7' become vanishingly small,
or, in practical terms, converging to within a specifiea
tolerance. Then, the last "initial point" obtained will
coincide with the most probable position for P(xy).

These computations may be compared with those shown
in the computer output section on page 149 . Differences
in the results are due to the fact that the calculations
illustrated on the preceeding pages were only carried out
for one iteration.

3. Solution for the General Case

The solution will be presented in such a way that
easily can be implemented by an algorithm satisfying a modular
design.

Given:

a) the grid coordinates of M=N+1 stations S, ( X{,J0,
ordered in a clockwise sense around vessel's
position,

b) the N sextant angles O(CE(J'.H.) between stations

S¢txeye) and  Jgg K o Yin),
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c) and the standard deviations GE (i=1,2,...,N)
of observed sextant angles,

the adjusted coordinates for P(xy) will be determined.

Step 1) Weight matrix W

Obtained as indicated on Step 1 of subsection II.A.3.a.

Step 2) Observed equations
2.1) Determination of first "initial point" F, (%, Ye)
2.1.1) The first "initial point" Po( ¥, Yo) Will be

the point determined by the two sextant angles o/,p, and ¥,p3z

such that

Xo.- Xo = Xi= Xo
tan dlpz = taﬂ (Aiog" Azo[ ) - Jz- Jo 3 "JO
_\i- Yo " xl'xD

32"’ Jo 3:- Jo

{+

and

x3 - Xo - Xz - Xo
-y - Yo
tan 2e3 - tan (A2 s- Azoz) ; J3-3e 32 - J
X;- X. . Xz— XQ
J3 - Je Jz2-Jo .

|

2.1.2) Test for undetermined initial position

(See FIG II-4).
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P (Xg¥e)

53 (x3,7) (K @A\S 1 ( X, ¥1)

Sa (X2, ¥2)

FIG II-4: UNDETERMINED FIX BY 2 SEXTANT ANGLES

1t & .S, S, and 53 belong to the same

circumference, then

o
g-‘-“ao—(d‘fz + dzrg).
Therefore, the dot product of vectors 0- and ¥

(FIG II-4) will be

U. T (xi-72) (M- 72) + (3=02) (=) = [T[ 17] cs /B,
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So, the condition for an undetermined fix by two sextant

angles will be

Cos(ulp + oy p3) = (Xi=Xa) (X2a=%3) ¢ (3,=32) (Jz - h) '
{ [t (ot [ + (30} 72

2.1.3) Of the initial position is not undetermined,

then its coordinates can be obtained as follows:

2.1.3.1) 1st case: o |py # 96 and oAyp3 # 90°
Let

A = taﬂd‘tg
B=tanoapa

Ea[lra-/Ad+ [(n-%/B]+ B2~
Fs [Uz-Su)/A I [(Jv’a)/ B] t X - X3

©u (22-%%)/A+ (X239-%3J0/B+ X203 + R Is %% =, .

a) If F=0, then

No= G/E = D,

U= A

Rz-A(xy+ ) +3,- 3

Let

1
S5a A[D-P(I 432+ Mm +3132 I+ Dita-m)s ¥ 3g=¥2 3, ,
Then, from

2
U¥Xo + RX +S a0 obtain

Xo = -Rt \/R"-—‘i us
2 J
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From solution sets (¥,,sv,) and (%,,Y,), choose the one

that best satisfies

tan oll 2 = (X2-X4) (Ji=Yo) = (x)=%0) (Y2~ o) (x-3)
(Y2 -Ye) (Y- Vo) + {Xp=Xo) (X1=Xo)

b) If E=0, then

¥o=-G/F=H.

Let
Us A

R=-A(J:+ Y1) - 21+ %

5: A[Hz_H(Xp" 72)QX|Y1+‘J|31]+ H(J'-j;)-} ngz—- Xo j' R

Then, from

Uy2+R 3+ S=0 obtain

~R+ VR*- 4US
2\UJ

Jo =
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From solution sets (¥,,3,, ) and (X, vy,, ) choose the

one that best satisfies equation (II-3).

c) If E¥ 0 and F # 0, then

joztp/E)Xpi- G/E"—' C"(o+ D.

Let
V= /\(C?on) a
R sA[l CD- C(Jit)2) - (x+ "z)] “Cxy +C xg = 43,
5=A[Dt-9 (9,492) ¥ X oz + 3 32 ]+ DlFa=®) #xi 32 =Xa 31,
éi Then, from
b Uxlt+Rx,+S =0 obtain ‘
X, . —R+ JR-4US

2V :

From solution sets (x,,, y,, ) and (x ) choose the

'Y 4 yﬂ.

one that best satisfies equation (II-3).

M|

-
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......

2.1.3.2) 2nd case: jpg = 90 and  olgpy # 90

Let

Bz tahﬁz_gg

E = B (y3=-31) + Xa—x3

Fx B (Xyi~%3) ¢ Ja-33

G2 B (Jays+xaxy =3, Y3 =~ XXz ) + X2 Jg - X8 Ja
a) If F = 0, then

Jo=s &/ E = D,

Let

RS - (K|'¥x;)

5’91"9(3\*3%) + D vy A,
Then,from
)(:'-o- R¥X +#+ Sso obtain

v,. =Rt VR* 4 S

4

From solution sets (Xou"’) and (xlht,’o) choose
the one that best satisfies
tah d2P3 s (X3 - Xo) (’2‘30) - (Y‘l."xo) C’3°3o‘ (n _4)
(Y3-D0) (- Jo) + (X3~X0) (X2~ Xa) .

b) I1If E = 0, then
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R:-—(.’vﬁ}z)
Sz HI-H (Xi+x) + > X2 + 3,32 .,

Then, from

j:+Rj°+ S=o obtain
Yo = -R* JR: 45
z *
From solution sets (xe, You ) and (Xo, Ye2) choose the one

that best satisfies equation (II-4),.

c) If E#0 and F # 0, then

Yo3(Fl/E)Xe+ (G/E) = CXo+ D,
Let
U= &+
R=z2 cop-cCc(y+3)- (X1+"M)
5=Dz"D(§,-iJz)+ JiJz + X xa,

Then, from

(A
Ux,+ R%Xg + S =0 obtain
- 2
Xy = -R* \l R°-4US
2J .
From solution sets (X9, ,Yo) and (Xo3,Joz) choose the

one that best satisfies equation (II-4).

65




[ J
2.1.3,.3) 3rd case: dzf‘s =90 and O/,Pz # 90‘
Let

A= lan g2

E:zA(Ji-R)+ Xx- x3

F«sA(X¥3-2) ¢+ -3

©x A(Xix2 + 31 Y2 =X Xz~ 23 )+ ¥1 Iz = X2 Y .

a) If F = 0, then
Yoz G/E = D.
Let
R=~ (x4 xs)

S 2 DA% D (Ya+D3)+ Jada + X2 X3,

Then, from

1
Xo +RXo+ S =0 obtain

yo:-R'!'.VRz—LtS
2

From solution sets (X, ,Ye) 2and (Xpq ,Je) choose the one

that best satisfies equation (II-3).

b) If E= 0, then
Xo = -6/F = H.

R= = (J24J3)
Sz HA_ W (xa+¥3)+ Xo X3 + J2 I3,
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Then, from

joz.q. R Yo + S =0 obtain
Yo= —Rt VRI- 45
2 .

From solution sets (Xp, Jot) and (X,Yo2) choose the one
that best satisfies equation (II-3).

c) If E#0 and F # 0, then

Yoz (F/I€)X+ ([ ©/E) = CXo+ D,

Let

U = C}-Pl
Rz2c¢cp-c(32+33) = (xz4 x)
Sz 0%~ D (Ja+Y3)+ ¥axs + Iz,

Then, from

UX:.-P Ryo+ S=o0 obtain
Xo= -Rt\}Rz-loUS
ZU L ]

From solution sets (X, ,Je¢) and (Xoz,Jor) choose the one

that best satisfies equation (II-3).

o _ o
2.1.3.4) 4th case: Xpg =90 and of,,=90
Let
E=23-13
F s X3~ x,

Gz X1 Xq + N J2 ~J2 Yy - X2 X3 |
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a) If F = 0, then
Yo = 6/E=2D and K= X .
b) If E = 0, then
Xo= —G/F=H and Yoz 3.
c) If E#0 and F # 0, then
Yoz (FIE)X 4+ ( G/E)= C %o+ D,
Let
U= S+
R=z2CD-ClY2473) = (*2+%)

Sa DL P (Ve+I3) 4 Fa D3 + A Xz |

Then, from

'U'x:'+ Rxo+ S =0 obtain
2 \J .

From solution sets (X, Y%, ) and (¥4 ,Jsz) Choose the one

that best satisfies
(Ya~Ved (4= Vo) + (X2-X0) (X1~ Xo) = © . (T-5)

2.2) Determination of azimuths A?DL between "initial
point" P, (¥0Ye) and stations S| (X;Y:)

(-]
2.2.1) T™wo angles, A%o(. and AZOL* 180 , satisfy
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the equation

)
1 A2, - tan Xi=Xe  (i=y2,... Nei),
Juo=Jo

Also, Aio,'. must be a positive angle between 0 and 2T.
Since, in general, computers give a solution for the above
equation between (-W/2) and «¥/2), then a criterion will
be established for selecting the valid solution.
2.2.2) Criterion:
a) If Yo=Y¢ and Xe> X, ,then AR ;=3W/2.
b) If Yo=3Y¢{ and Xo<{ ¥ ,then Az, = Tz .
For Yo # Y. designate by o,; the

solution given by a computer of

s tan! Xe=Xe (L=1g,..., Neu),
oL 2% )
Je-Jo
Then:

c) If Kpi2 © and Xe?X¢, then

Aol =gl + T.

d) If ofpge 20 and Xo{ X.,then
AZOL = °(oC .
e) If g(o(: {6 and JXo» X, , then

AZ, = Yol +2T.

£f) If olgl 40 and Xp {¥. ,then

SR = &k A Tan A AR ASARS AN £ LI O DL IR,

A’Eo[,; O‘o‘, + T,
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2.3) Determination of elements L,: of matrix L

LL‘“&!(C#O\*AioL‘ Aio(g,,, (l:al,...,hl),

Note, L; must be expressed in radians.
2.4) Determination of squared distances between

P (%,4e) ana Si (¥, )¢

(SO; )'s ("o"v")'* (30"1.' )t (ce e, N) .

2.5) Determination of elements a,;J' (i=1,2,...,N; j=1,2)

' \ 2o om a0 2o P——
. AN DA

of matrix A:

E Ay = oo e S 5 TS (Czyyeeey N
g (So(t'ﬁ) )* (So0)?
: aits xo_x" - Xo~X et ‘(:,l "..., N).

(505)2 (sa(c'if) )4

Step 3) Normal equations

T
3.1) Determine matrix A W (a matrix 2 x N).

. . T .
3.2) Determine matrix AWA (a matrix 2 x 2),
3.3) Retermine matrix (A'w)" (a matrix 2 x 2)
as indicated in Step 3.3 of subsection II.A.3.a.

. R T .
3.4) Determine matrix AWL (a matrix 2 x 1.

T BV T pm—

3.5) Finally, determine

k2 L0

X:(Awa)' (ATwL).

Step 4) First adjusted values

As indicated in Step 4 of subsection II.A.3.a.

R B ; U
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Step 5) 2nd iteration
As indicated on Step 5 of subsection II.A.3.a.
Step 6) Next iterations

As indicated on Step 6 of subsection II.A.3.a.
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C. FIX DETERMINATION BY TWO RANGE DISTANCES AND ONE AZIMUTH

This problem illustrates how to deal with observations
of different kinds (distances and angles). The procedures
for obtaining the residuals and the weight matrix are more
complex.

1. Solution for Two Range Distances and One Azimuth from

3 Different Stations.

Given a positioning problem as diagramed in FIG II-7,
in which:
R, - is the observed range distance from station #1
R; - is the observed range distance from station #2

A - is the observed azimuth from station #3

(X4,91) = are the grid coordinates of station #1

(¥3,32) - are the grid coordinates of station #2

(¥3,y3) - are the grid coordinates of station #3
0: - is the standard error of R, (in meters)

0. - is the standard error of R, (in meters)
0; - is the standard error of A (in degrees)
the grid coordinates of vessel's position E’(x,y) will be
determined.
Step 1) Formulation of observation equations
1.1) The analytical expression for the range distance

between station i (i=1,2) and vessel's position P(xy) 1is

-y
i
1

given by

'
\"L' (me{ers) H [(X"‘i)i" (j-j;)"]/z = F (X,j) (L-" |,2).

vy
T

S8 P IR
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The function F(xy) must be expressed in a Taylor's

series around an "initial position" ’Po' whose coordinates

X Evaluating the zero and first order

o]
terms of the series, the following expression is obtained:

are defined as and Yo-

foe (- %™+ (- 9002 T% &

Jo-J

Yo = X¢ .
[(x,-xc P+ (Yo-3:00t A

. QJ
[(xo-xii+ (yo-yer* J%

AX +

Then, designating by s;, the distance from station i (i=1,2)

P (xo,yo) , the following expression is

to "initial point" o

obtained:
: Y
Sio = [(V.-x;)‘+ (:Jo-:.-f‘l :

The observation equations are given by

CBx 4 oD 8y - (Ri-5(0) (L=1,2)

\/L - Xo =X

Sio

Sie

where R; is the observed range distance.

In this result it should be noted that

vi (i=1,2), are expressed in meters.

1.2) The analytical expression for

between station 3 and P(x,y) is given by

Vox- X3

3-3s

AB (radians) = tan
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Therefore, the observation equation is expressed as

tan™ x-¥3 _ A . Vg
J-Js
where A is the observed azimuth angle. In that result,it
should be noted that V3 is expressed in radians. Therefore,
it will be necessary to obtain V3 expressed in meters.
(See FIG II-S).

FIiG II-5: CONVERTING ANGULAR RESIDUAL INTO

METRICAL RESIDUAL

From the FIG II-5 is concluded that
%(meters)

or

V_; (melers) - sin ”

sinvs (radians) x distance between P and 53

'
2 4

a XX . Alixrs) *(j-Js)z
J-Js . |
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Expressing the function VS (xy) as a Taylor's
series around the "initial point" @ (¥,Y¥e) , and taking

only the zero and first order terms, the following is obtained:

. )
\/3: Sin t3".‘ !‘.’.-_x’. Al ‘xo“’s)zf (Jo-:fa)‘ 1 +
Jo~ Y3 J
s |tan Xeo-s _../‘\1 N (52 -+
3
L Jo-J3 p {(Xo°x’)zf (Ja-.:S) I/z
. T -t 1
Sin|tan X=X _A|, ___Xo-¥s p AX +
i Ja=~J> ‘ [(XQ"S)zf Gﬁ'ys)z] f
Co5 ‘tin" Xo-Y3 _ /‘\1 . X5-Xo »
Yo+ I o Al
o* J3 J (X0~ %31 *(jo'SS)J
Sin (tan' XNe-Xs - . Mo=Y3
n [ at J-..Jg A 2 2 % ‘Ay
> J [(x.- %) 4 (Y, -3 ] .

Designating by 530 and A'i3o the distance and azimuth

between station 53 (Xy,33) and "initial point" Po (Y ,Ya)
then

c z o
30 = | (¥o=%X8) + (yo- ¥3)

Az, . tan~' | X=X
30 Jo-)> .

and
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Therefore, the observation equation may be written as
V. sin (AZ5,-A), S3o +

ws(Az23,- A). Jo-Js 4 sin (AZ2z0-A). Xe=X¥2 LAX +
30 S30

539 ) 30

{as(Aaj, “A). M¥e wsin(AZz, - A). ’°"9}Aj

1.3) Finally, the observation equations in matrix

notation are expressed as

AX-L =V

where the elements d¢ i and L{, of matrices A and L

are given by

a" = (Xo-"c)/sw 3,23 (J"Jl) /SIO

32 a2 (Xo=%2)/S20 Q222 (Je-2) /S30

25|s Cos (AzBo’A)‘ ?og’_js_ + Sin (A230'A). Xo -X3

30 S30
33, . o5 (A1ze - A). B ,sin (A2g,-A). =33

Sso S3a
L= Ry - Suo L= Ry~ S,
L-,: -Sin (Azz,- A). S3o
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Step 2) Determination of weight matrix W

The standard errors O; and G2 of range observations
are expressed in meters; the standard error @3 of the ob-
served azimuth angle is expressed in degrees. Therefore, it

will be necessary to obtain (3 expressed in meters. (See

FIG II-6).
B(x0,30)
///a“
\
-
9o / \\ _ -~
97 >
/ -7
¢ (in “degrees)
r 4
/S
U d
e
53 (Xg,j;)
.E: FIG II-6: CONVERTING ANGULAR STANDARD DEVIATION
éi INTO METRICAL STANDARD DEVIATION
E From FIG II-6 is concluded that

G.a(metcrs) = Sl‘nc'é (t'n c.-lesrees) X 530 )

i (52 o

Having obtained 63 expressed in meters, the pro-
cedure for obtaining the weight matrix W is as indicated in

Step 1 of subsection II.A.3.a.

R -« o0

C i)
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Step 3) Normal equations
Forming the normal equations, the adjusted values

for AX and A) are given by

X= (ATWA)Y (ATWL).
Step 4) With the values AX and AY a new "initial point"

' [
f% ( %o, j;) is obtained;

1}
Xo
vb

A1)

YQ*AQ‘
Yo+ 43 .

Step 5) For the new coordinates Lxg,jé ) of "initial point",
the value of C; (in meters) is recomputed and the weight
matrix W readjusted.
Step 6) The procedure will be repeated, in an iterative way,
until the increments AX and AN become vanishingly small,
or, in practical terms, converging to within a specified
tolerance.

Then, the most probable values for the coordinates
(xy) will coincide with those obtained for the last "initial
point”.

2. Numerical Example
Referring to FIG II-~7, the grid coordinates (U.T.M.)

of shore stations are

COORDINATES | LUCES (#1) | MB4 (#2) | MUSSEL (#3)
X 595,794.5 603,425.2 597,967.8
Yy 4,055,042.7 4,053,917.2 4,053,453.2
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(#1) ™ J Y
~ N 99.|1360/
Ty MB4
(#2)
MuUssSEL
(*3)

FIG II-7: FIX BY TWO RANGE DISTANCES AND ONE AZIMUTH
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The following angle has been measured by theodolite:
P - MUSSEL - LUCES = 99°.360

For illustrative purposes, the instrument is assigned
[ ]
a standard error G'é =0 .024,
The following distances were measured:

g
P - LUCES 5233 m

P - MB4

3515 m

Their standard errors are assumed to be T= 02 =10 m

(fictitious wvalues)

Step 1) The azimuth between MUSSEL and LUCES is given by

Aza, = tan' ¥-xs _ 30618
J- 33

Therefore,the following dataare available:

Ri- 5233 m gy |Om
Rz: 35'5 m ﬁ-i-_- 10 m
A: 45°541 Gz - 0024

Step 2) Formulation of observation equations
2.1) Determination of first "initial point"

The first "initial point" will be the point
determined by range distances R, and R (for which the
azimuth from station 3 is closer to A). Therefore, the point
Pa (X0,Mg) will satisfy the following system of equations:

(%o "Xa)z* (jo-vt)z= Raz

(xo ->‘:.)1 + (Yo -dz)“" R: .
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Introducing numerical values, the following

solution sets for the above equations are obtained :

and Yopr : 600,280.1

{x,,:éoo,sﬂ.z .t
Joz > qJ052)347-6 .

Jo1:4,056328.0

The azimuth from station #3 to and

(X, You) (X2, Joz)
respectively, are obtained: A?,,, = 457 24 ana A= 302 =

115°.5 . Therefore, the valid solution is the one corres-~

ponding to Az3,, , i.e.,

j Xo= Xp\ 600,867.2

l Jo= Jo»

2.2) Determination of azimuth between station 3 and

4,056,328.0

P (%o,30):

Azz, . tan' YeuXa . 4as’esd
30‘33
o
Then, Az, - A = - 07297,
2.3) Determining distances between stations and A s

A
5.0 [(X,-Xo)z+(3‘-Ja)z’] - 5233.0
520

530

| U

)
{("’1- Yo)z"' (ya - Ja)z ]A = 3515.0

A
[()%-Xo)z"' (ji"’ 3o)z ]'L = ‘4083.0 .

8l
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2.4) Therefore, the elements a,;J' and L,’ of matrices

A and L will be

Bz (X0-%)/5,6:0963368 Q3,2 (3o3)/S10:= 0.245 614
ali =z (Xo-)f-;)/ 520 : -6.127 738 3115 (Ja‘]z) /52° =0,68586!

33,2 05 (AZ3, -A). Jo=33 4 Sin (A2s,-A). Xo=X3 . 0.7%o0 Uco
S30 S3o

33z 08(A25, —A) . X3-% ,sin(P2s,-A). Jo2I3 . _o13755
30 30

li: Ri-Sip =0
Lz= Rz"520=0
L%"' - Sin (Ai:!o'A)- 530: 2. |65

2.5) The observation equations in matrix notation

may be written as

r
0.963 368 0.265 614 |{A x o Y,
<0727 738 0685 86/ [Iay |7| © |V,
0.1700 Yoo -p.73 1ss 20.165 Vs
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Step 3) Normal equations

Then

Setting

that

by

3.1) Determination of weight matrix W:

Jis10m
G;= 1o m
63' 3 0.024 =>» G(m&tﬂ")a 530 . Sin (o‘.iQ)
z1.T7T1I0O m
v/ o . o. 0|

I/V’iz s 0.0 |
\/G3° : 034

the least weight equal to one, it will be obtained

W, = 0 t °o 0
Wy = | or W= o b o
bU, - 3‘0 O O 3"

3.2) The solution of normal equations is given

-1
X = (AW A A WL,

T
3.2.1) Determination of A W:

:
AW - loas2368 -0127138  23.813 600

0.248 614 0,685861 ~724. 28617670
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T
3.2.2) Determination of A WA‘

AWA,| 16,148 -17.250
-11258 \7. 852

3.2.3) Determination of (ATWA )“ .

» -
- (AWA, | 068295 0. 660 23
5 0.66023  D.69%21

p’ T
’ 3.2.4) Determination of (AWL) :

(AWL) .| 504.015
-513. 625

3.2.5) Finally,

X s 81

-13.8

Step 4) First adjusted values

With the values AX =5.1 and AY = - 23.8 a new
"initial point" is obtained:

Xo = 600,867.2 + 5.1 = 600,872.3

Yo = 4,056,328.0 - 23.8 = 4,056,304.2
Step 5) With the new values for the "initial point" the
procedure indicated in steps 2.2, 2.3, 2.4, 2.5, 3 and 4 is

repeated and a "closer" initial point is obtained.
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Step 6) That procedure must be repeated, in an iterative way,
until the increments &X and 483 become vanishingly small,
or, in practical terms, converge to within a specified
tolerance. Then, the last "initial point" obtained will
coincide with the most probable position for P.

These computations may be compared with those shown
in the computer output section on page 150. Differences
in the results are due to the fact that the calculations
illustrated on the preceeding pages were only carried out for
one iteration.

3. Solution for the General Case

The solution will be presented in such a way that
easily can be implemented by an algorithm satisfying a

modular design.

a. Two cases will be considered:
5 lst case) Two range distances and one azimuth from three

stations (See FIG II-8)

3

3 7/

. Ry 7/

F t

] /

. é[/

:, Sg 1
(]

a8

{

-

F] Fl1s TI-8: FIX FROM 3 STATIONS
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-2 Designate by 5' and 51_ the stations from which range
distances are observed; the station from which an azimuth

is observed will be designated by 55.

2nd case) Two range distances and one azimuth from just two

stations. (See FIG II-9)

FIG II-9: FIX FROM 2 STATIONS

Designate by S, the station from whch an azimuth and a
range distance were measured ( Sjconcides with S3); the
remaining station will be designated by 52.

b. Given

(xl,Yl) - grid coordinates of station S;

(X3,y5) - grid coordinates of station S

(X3,¥3) - grid coordinates of station S3

(in the 2nd case, they coincide with the coordinates
(%1,y1) of 81)

R, - range distance from station Sy
- R, - range distance from station Sj

zi . A - azimuth from station S,
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and
J: - standard error of R; (in meters)
Gi - standard error of Ry (in meters)
G; - standard error of A (in degrees)
the coordinates of vessel's position P(x,y) will
be determined.
Step 1) Formulation of observation equations
1.1) Determination of first "initial point" % (Xo,90)
The first "initial point" will be:
a) one of the intersection points of circum-
ferences centered at SI and Sz with radius ranges of R.
and RZ respectively.
b) the intersection point which lies closer to
the azimuth line through 53 .
Therefore, the following equations must be

satisfied:

2 2 2
{ (X,=xo) + (Y- Jo) = R
2 2z 2
(XZ-xc) + (jt" jo) = R‘L .

Let

z 2 2 (B
" jz - J. +* xz - Y. o

Then,
X E+ 2 (3,-32) S
e =
2 (xq-%)
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1.1.1) For X3 # X, proceed as follows:

Let

2
Ji=~ J2 ) P

X2 = i

i

h-J2
X = X

E,. € (332

-2 Xy (
(X2 = x)*

)—Zj. 3

2

- R

2z

E +

2 (xy-xy)

¥ E
Xz- X,

k3
+ X,

E3=(

)T.
Ei= (E.) - 4(&)(Ea) .

~(€2) X J E4

ZE. .

Then,

Jo

a) If E4<o,then the two circumfer-
ences don't intersect; therefore, choose point Q as first

)
"Initial point‘ (See FIG II-10).

A k-2
Ra , \\\,” sl(xl/j')
s ‘\*@(Xejo)
B P
E A’ | \\
: Sz(x'l,’Z)

FIG II-10: RANGE DISTANCES NOT INTERSECTING
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b) If E4 = 0, then the two circumferences

are tangent. Therefore

Yo: - £z
J zEl
|
E - J2
¥o:=
° 2 (¥z-2) ¥ ¥z~ ¥ jO

c) If Eado , then the two circumferences
intersect at 2 points; therefore, the following intersection

points are obtained:

/
You = [-Ez+JE4]/2EI
4
Yor = E + 3i- %= Jo
§ 2(x2-2) Xy - %
) and
Yo : ['E‘L_'E4 ]/ZE'
ﬁ”a‘). s E + _?_.'.-_?L Yoz
| Z(XQ—YO) 71-*,
89
.'A.';.;:':';L; "": ‘ I IR TP P e e R ‘.‘ ..' ‘L-h:"' ."‘;;\ ;.;IC ‘3‘ X ':_'__,‘n:_g_‘;{_:!.;:.‘..hh.‘?::!;Iat.:'t::.:i

r Then, ,
Xo = X ¢ Ri (¥2- %) ‘
J [()(z- )% (jz'Jv)z] "
jaz jl + R| (SI'JI) ‘
: [(Xa-%0+ (32-3. 0 ]2
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and

joz-‘-[—Ez—\[—E:]/l E.

Yoz = E/[2 txamx0] +[(3,-92)/ (2= %) ] Yau

c.1) If X3 =X, and J3 =Jo, then

r
Xo = Xoa
Ja: j.z.

c.2) If Xz =X, and ¥3= Joz, then

,{ Xoz= Xoi
Jos Jour .

c.3) Otherwise, determine azimuths between
station 93 (x3,3s) and (%;,¥: (for i=1,2),
Criterion:

I) If Jou = Y3 and Xy >x3 , then

AZ30,: = TP/Z- .

II) If Jor =33 and Xe( £ X3 ,then

Az, i - 3T /2.

For Jou # Y3 designate by L3z

the solution given by a computer of

A3( = tan' Xoc-x3 (L=1,2)
Joc-JI3

90
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Then:

III) If ol3i 2o and Xor2 24 ,let

IV) If of3; <0 and Xoi { x3,let

ARyoi o olzp + 2.

V) Otherwise, Ai,,,‘_a gy + T,
Having determined azimuths A2j,, and AZjz,q,
check which one is closer to the observed
azimuth A,

I) If A73°|= Aim = A , then the

solution will be undetermined (See

FIG II-1ll).

\(XOz,)oz) ’A
Re - =5,
& -
e
x°
Si (Xol,jol)
"N

A% 301° A%3°2= A :-

FIG II-1l: UNDETERMINED FIX BY 2 RAIUGE DISTANCES

AND 1 AZIMUTH
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5 2 7
11) If (A?.“.-A) = (AZ,,,-A) ,then choose

Xo= (Xo1 + Xo2) /2

jag(ﬂa:‘l'.’ot)/z. ]
2 3
II1I) 1f (A%, -A) > (AZ3,,-A) , then choose |

Jo =Jor .

z 2
) If (A -A) < (AZ;,-A) ", then choose

{Xo: X2
Jo= Jour .

1.1.2) For Xz =X,

{Xo= Xo2

the following equation is obtained:

Jo= E/ [2(32-30 ] .

Let

F‘-‘ Ruz‘ (jl“do)t.
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a) If FSa , the two circumferences

do not intersect or are tangent;

then

Xo = X ,

b) If F»o0, the two circumferences
intersect at points (Xg ,Je3) and
(Xoz.1Jo2.) i then

{xo. = X, + \/F
Joir= Jo

and

{Xm: X)— J_‘-:_
Jo2 = Jo .

b.1) If X3 =Xoy and J3 = Joi ,then

Xo= Xo

b.2) If X3 = Xoz and J3z =2 ,then

Xo= Xo

b.3) Otherwise, determine azimuths A'Z'go,

and A2 302 between station
S; (x3,93) and Xoi 1Yec) (i=1,2)
using criterion presented in step 1l.1.1 .

Having determined Ai‘ao. and Ai;oz s
determine which one is closer to A,
I) I1f A23, = A2302 = A,then

the solution is undetermined.
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T
1) If (A2y,-A) = (A%,-A))

then choose

T
III) 1f (AZ3,-A) > (AZ_;az-A)",

then choose
Xp = Xo2,

T A
IV) If (A230|‘A ) < (AzSO‘L.A) ’

then choose

1.2) Determining the azimuth .4%3, between
station 53 (X333) and (XgJo)
Criterion:

I) If Yo=Y3 and Xp > ¥3 ,then

A2y, T/ 2.

II) If Yo=Y3 and Xo <3, then

(M an) prmsueneas . AT

Azg, = 3T/ 2.
For Yo # J3 designate by o3 the

i 8 2

solution given by a computer of

* A3 :tah-| Xo=%3
Jo-J3
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Step 2)

..............
...........

Then:
III) If ol3 20 and Xo 2 ¥y,then Aig,= 3.
IV) If ol3 <o and Xo< Xs,then AZyo=¥3+2TW,
V) Otherwise, . Alg,= Otz +T .

1.3) Determining distances between stations and f,’, ,

1
Sio :[ Wy -x0) 4 (9130 J}("

S20 .-[ (X2- o) + (Jz-Yod* ]:”
S30 [ L:r;-xo)z* b‘;-’of' 17,

1.4) Determining elements of matrix A,

Az Moo Xu 3,22 Jo -
Sio Sie

3, 5 Xe-2a 3, Jo-Ji
57.0 57_0

Bays o5 (A3, - A). Jo=33  sin(Arz,- A). -
530 530

Bgp s s (Algp = A). M=% ysin (Ay,-R) JoB3
S30 530

1.5) Determining elements of matrix L,

L;: R)‘ sto L‘La Rz' 520

La: sin ( A- A‘Bo) . 930
Solution of normal equations

2.1) Obtain weight matrix W.
2.1.1) Determine standard error of observed azimuth
angle expressed in meters,

03 (meters) = sin J3 (radians)x S3e .
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2.1.2) With 03 expressed in meters, the procedure

for obtaining the weight matrix W is as
indicated in Step 1 of subsection II.A.3.a

2.1.3) Finally, 03 is again expressed in radians;

ﬁ(ra&ians) = an—' [0-3 (mete"s) /5301

2.2) Determine matrix ArW .

2.3) Determine matrix ATWA .

2.4) Determine matrix (ATWA)‘..

2.5) Determine matrix ATW L.

2.6) Finally, determine X=(ATW A)™ (ATW L)
Step 3) First adjusted values

With the values AX and &) obtain new "initial

{
point" Po (xb 3'0);

{x‘o: Xot A X
Yo = Jo+ AY .

Step 4) 2nd iteration

For obtaining a "closer" initial point,repeat steps
1.2, 1.3, 1.4, 1.5, 2 and 3.
Step 5) Next iterations

Repeat step 4 until AX and &Y become vanishingly
small, or, in practical terms, converge to within a specified
tolerance. Then, the adjusted values for x and y will

coincide with the coordinates of the last "initial point"

obtained.
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III, RESULTS AND CONCLUSIONS

A. RESULTS

From the general case solutions developed for the selected
positioning methods, algorithms were written in a structured
programming format. All algorithms are presented in appendix
I.

These modular algorithms were translated into Fortran
language for implementation on the NPS computer, an IBM 3033.
Program listings are provided in the Computer Programs Section
beginning on page 151.

Data sets given in each Numerical Example section were
input into the corresponding computer program,-and the output
of each run is given in the Computer Output Section starting
on page 148.

Additionally, the programs were tested using several fic-
titious data sets to insure their performance in handling the
various initial conditions which were modeled for each fix-
ing method.

In applying these programs to real positioning data the
following points should be considered:

1. The presence of blunders and systematic errors in
the observations will be reflected in the dimensions of the
error ellipse. If all blunders are removed by careful
editing and all systematic ~rrors are eliminated by modeling

or calibration, then the size of the error ellipse will
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represent the positioning error due to net geometry and
random errors.

2. When the information about the standard errors of the
observations is reliable (for example, determined by field
calibration procedures), then the estimates obtained for the
standard deviations of the observed values will be close to
the a priori values (see example of fix by 3 azimuth angles
in Computer Output séction on page 148).

3. When no a priori values are given for the standard
deviations of the observations (it is assumed that the
observations are equally weighted), then the application of
the least squares method will provide estimates of instrument
(or observation) accuracy (see example in computer output
séction, on page 149).

4. When the correlation coefficient is close to one,
the error ellipse becomes flatter approaching a straight
line (see example of fix by two range distances and one
azimuth angle in the Computer Output section on page 150).

5. When the correlation coefficient is negative, the
major axis of the error ellipse runs through the 2nd and
4th quadrants. Thus, the angle from the x-axis to the major

axis measured counterclockwise lies between 900 and 180°. 1If

the correlation coefficient is positive, the major axis runs
through the 1lst and 3rd quadrants, and the angle from x-axis

to the major axis measured counterclockwise is between 0° and

90°.
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B. CONCLUSIONS
The most significant result of this thesis is that well
documented programs are now available which can be used for i
the analysis of hydrographic positioning data. These programs |
may be employed to process and analyze hydrographic survey
data that have been collected using one of the three position-
ing methods discussed. Ideally, such software should be
adapted to run in a mini computer aboard a survey vessel or
launch. This capability would allow "real time" analysis of
positioning accuracy.
In addition to processing actual survey data, the programs
may assist in survey planning. By scaling observations from
existing charts of a survey area, sample data sets may be
formed to test net geometry. This information can be used
to establish the best location for shore control stations.
The programs are writteh in modular form so that they
may be adapted for use by other types of positioning systems.

The significant differences between all the programs lie in

the modules dealing with the computation of the "initial
point"” and formulation of the observation equations.

It should be noted that the accuracy of the geodetic
control stations has not been specifically considered in
these formulations. However, any survey error in the station
coordinates will be reflected in the dimensions of the error

ellipse of the adjusted hydrographic position.
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All of the programs were developed using a plane
coordinate system model. Thus, they are primarily applicable
o7 to nearshore hydrographic positioning problems. Application
- to offshore hydrography would require a geodetic coordinate
system model based on a selected spheroidal datum surface.
Obviously,the use of a geodetic coordinate system would yield
kY more complex analytical expressions relating the unknowns.
But, once these were obtained and linearized, then the pro-
cedures for computing adjusted survey coordinates and the
statistical values defining their precision are identical to
those developed in this thesis.

Whether the existing programs are used in their current
% form or modified to accomodate other variables, one final
point should be made. The most significant contribution of
the least squares method to hydrographic position adjustment
N is its ability to quantify errors statistically. When
programs are operated aboard the survey vessel in "real time ",
relative accuracy achieved with conventional survey methods
is elevated to absolute accuracy if redundant observations
are made and adjusted using least squares.

Monitoring the size and orientation of the error ellipse
alerts the user to the presence of gross blunders and inord-
inately large systematic errors. The need for electronic
positioning system calibration can be realistically evaluated,

and calibration may be performed on an as needed basis. With
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sufficient redundant observations, electronic positioning
systems can, in fact, become self calibrating.

As the trends in electronic and computer technology
continue to decrease the cost of collecting and processing
redundant observations, conventional two LOP's survey
positioning will be relegated to the historical equivalent s

of lead line hydrography.
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APPENDIX A. LEAST SQUARES PRINCIPLE AND NORMAL DISTRIBUTION
When measuring a parameter, the outcomes of that experi-
ment can be considered as values assumed by a random variable
following a normal distribution. For a random variable X
following a normal distribution, the value most likely to
occur is its mean M, . The true value, from a deterministic
point of view, of an observed parameter is, in a
stocastical sense the mean of the random variable associated
with the experiment. Therefore, when using the least squares
technique for the adjustment of a redundant number of obser-
vations, not only a set of "consistent" values are ob-
tained but also the most probable values for the means of
the random variables considered. Therefore, the adjusted
values are also the best estimates for the "true" values of

the parameters considered.

1. Normal distribution
The density function associated with a random variable
X following a normal distribution is expressed by (see

FIG A-1l).

_[ix-part /2 ol ]
e

q—

x1
N
2
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FIG A-1: NORMAL DISTRIBUTION

Then, the probability of occurrence of values between

X,~8X and %X,¢4X will be given by
jx,fax
.’(’ (¥) dx

Therefore, it can be concluded that the probability of
occurrence of values "around" %, is proportional to the

density function value at that point, i.e.,

p{z,-“ ¢ X & ®ovsx }aK fy (=) (A1)

2. Probability of occurrence of a set of values assumed

by independent random variables
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FIG A-2:

B and C

X, Y, and z (see FIG A-2).

FIX BY 3 RANGE DISTANCES

Suppose that the distances between a vessel and stations A,

are measured and the results are, respectively,

FIG A-3:

If the vessel is situated at O,

tively, observed values x, y and z.

RESIDUALS

AQ, BO and CO, are at distances Vl'V2 and Vs
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then the means of the random

variables X, Y and Z, associated with the range distances

from,

(See FIGS A-3 and A-4).
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FIG A-4: RESIDUALS AND NORMAL DISTRIBUTION

The probability of occurrence of a set of observed values

{x 4 z} is given by

Pi{=y=})=RU=. B ({s}). P ({=})
If the observations are equally weighted then the standard
deviations 0;: ' q; and 0’; have the same value, say, 4 .

Then, from (A-l) , it will be obtained

- [—';?t[U-/lx;* (y-)wﬁ (3 '/‘aﬁ]

Pz y z}).-(K/rs/'zTr)se (A-2)
Recalling that
V, = px- %
Vospy -y
V§ P2 -z,
: it will be obtained from (A-2)
P({‘x‘d"})zcmsmﬂrx e--;;::; [V‘+V1+ " . (A-3)

The means )}x ’ }ly and )J; are values such that the observed

values », ¥y and =z have a probability as high as can be

PP L
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expected to occur.

Therefore, from (A-3) it will be concluded that the
residual values maximizing the probability of occurrence of
‘ event {23 1} will bé the set of values minimizing the
‘ expressioxi ( V.z + V: + V:) , i.e., those that minimize the
sum of the squared residuals., That is the reason why the
least squares technique yields the most probable values for
the means of the random variables considered, i.e., the best

estimates for the "true" values of parameters being observed,
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* APPENDIX B. LEAST SQUARES PRINCIPLE FOR WEIGHTED OBSERVATIONS
.' l. If an observed value X; has the weight W , then the
observed value X( is worth as much as &) observed valuesx;
with weight equal to gq_i}y.

A usual criterion for establish weights is to consider
the weights inversely proportional to the squared standard

deviations, i.e.,

. I
W = —
Then, given a set of observed values X; (i=0,1,2,...), un-
E equally precise, with standard deviations 0‘: , 1f the least
8 precise value X, 1is considered to have a weight equal to
." unity @,=1), the different weights W, will satisfy
2 .
F Wy = G:z (L='°,1,2-,---).
7L

2. A set of observed values X\ s Xgreeer X, with reaspective

weights equal to W, , Wy ,...,Wn, is equal to a set of

.l
o

W) values equal to %, , W, values equal to X; ,..., and wy

[ﬁ values equal to p S all with unity weight. Therefore, the
- sum of the squared residuals will be given by

s 2 z 2
:. w‘()‘-x'—z.)“'mz (}szvx1’4... + un (/J.x"-x.“),
.

[’_' and the basic least squares principle will be expressed as
3 r n

- 2 2

3 E. we =%y ) = Zw'v- T mihimon

. - X L ; (N

. LS L=l

i

»

-
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or, in matrix form, as
T .
o Y W V= minimun
'\:
o where
q:\z
- ' -
o W, o o
1
]
(o] o U); : [
- =T ]
o a ..... .wn
b \ - L
b:'
b
o
3.
o
. 108
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3‘-:-' APPENDIX C. NORMAL EQUATION IN ALGEBRAIC NOTATION

Below are the observation equations in algebraic notation:

[
\4 33Tt 3y Tat .. . 43 m X - L, = o

- s e & e e e e aw am = ww w - e - e e -

L Vn:an“z'+anz Xz * ... 'fahm xm - Lh =20

The unknown values X,, X2 ,--+,%yp that satisfy the basic

least squares principle
N

2 .
-Z— ux V. = minimun

L‘=l
are those that satisfy the following expression:

2
L')l ‘a“ x. "a'zxz','--. +a‘mzm- L’) +
2
td,_ (az| S‘f D12 x,.i-... "'azm Xm-~ L‘l.) +4

-----—---—-----—--n---—--,

Z
uﬂ(a“' 1.4302 x1.+"' "'ahmxm—cn) :F(z‘z‘-..xm) =
= minimun

The values x;,%,,... ¥, minimizing F(x;,x2,.: Xq) are those

such that

a = O (j:l)z)ooo,m).

d

X
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Considering that

%f. 22 [wiael Iwe.v2[wiag apm]¥m-2[wpa;, Li]z0
X,
W L2 fyagaie)ne +2 [wiais 3cm ] Min-2[weais Li]= 0
3%,

o

oF .2 [m;_a;,a;m]x,i-... 4?-{0’;' 3im ]Ym -2 [w;, acm Li ]
0Xm

the following normal equations are obtained :
,

[wi a," ]X; r. . .+[waan acml Xm -[wi =) li.] s Q

{ [w.;a.:. di ]x, ‘... +[w.‘,a;¢ a.;,.]ym -{w;a;z l.i.l= o

- - - - - - - - - - - - - - - - - -

z L4 o
L’C al a.;,Jx, Yoo [w.; aim Iym -[w‘a..m Lij=0
L

LI 1 L 00 B S e B BRASE BN & bIRISR N
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APPENDIX D. NORMAL EQUATIONS IN MATRIX NOTATION

Taking the observation equations in its matrix notation,

AX-L=YVY,

the unknown vector X satisfying the basic least squares

principle,
VTWV = thununun
is the one such that
(AX- )T W (AX-L) =
XTATWAX-2XTATWL + LTWL= minimun .

The vector X satisfying the above expression will be such

that

%__(XTATWAx-szA"WLf “wil=zo . [D-1)
X

Considering that

3 (XTATWAX) = 2 XTATWA

X
3 (XTA™W L)= LT WTA
X

ji— (LTW LYy= o,
o X

it will be obtained from (D-1) that

21X ATWA-2LUWTA=o0.
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Therefore, the normal equations are of the form

(AW AY X = ATW L,

and the solution will be given by

X-A'wa) (ATW L.

v
Ry et T “‘nl REECEION

[ECNCE 0 + 3RS
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% APPENDIX E. A COMPUTATIONAL CHECK FOR THE LEAST SQUARES

ni Adjustment Technique

if By taking the normal equations

. r

3 (ATWA) X= ATw L (E -1)
. and recalling that

: AX = V4L,

then the following can be obtained:

(AAWA)X=AWVs ATWL . (g-2 )

Therefore, from (E-1) and (E~2) it is obtained that

T -
AWV =o0. (E-3)
Equation (E-3) provides a check on the computations for least

squares adjustment.
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APPENDIX F. THE CONTROVFRXSIAL CRITERION FOR ASSIGNING WEIGHTS

\
-.‘ .

»
.

-

1. The usual criterion for assigning weights is stated as:
a) the weights are inversely proportional to the squared

standard deviations, i.e.,

5?.
oy ¢ = K (F‘1)
where K 1is an arbitrary constant;

b) the least precise observation has the unity weight,

i.e.,

u)os:’=|< => K= (1).5:' or

K= 8,2 (E-2)

where S, is the standard deviation of least precise obser-
vation.
2. For the moment, consider only equation (F-1). The
influence of the value assigned to k on the computations
for obtaining the adjusted values and standard deviations of
adjusted values will be determined. From eq (F-1) it will be
obtained that
2
W, = K / St .

Then, the weight matrix W will be

/s, /5"
W= Klstz =K ‘/5‘: = KW‘

K/Sp /52
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and the trace TR (W) K/S.‘f e ® K’S: = K TR (W').

a) Computing adjusted values,
X (AwWA)»' (ATWL) =
sURAWAY!Y K (ATW'LY = (ATWA)™' (ATW' L) .

Therefore, it is concluded that, for the adjusted
values X, the value assigned to K 1is, in fact, arbitrary.

b) Computing standard deviations of adjusted values,

an—_—
'Sx;= 5, \/‘!f.i where G],'_,‘, is an element of matrix Q.

Recalling that

Q. (AWAI s LK) (ATWAS (11K &,

then

Qec= (M/K) 9'ip .

Next, by considering

S, . [YWV  _ x| \/v’w*v
TR(W)-m KTR(W')-m

it follows that

', T ] —

. Sx{': ‘/QLL . \/V w_ Vv

A K TR(W')-m

&

- Therefore, as should be expected, the standard deviations of
2 adjusted values are affected by the value assigned to K.
H

d

:n

E-

- 1153
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o 3. In fact, eq (F-2) imposes a constraint on the K value:

b K= 5° .
To illustrate the consequences of accepting that kind of

constraint, suppose that, given 100 observations, 99 are

Fer

equally precise and one is less precise, say, with a standard

deviation 400 times greater than the standard deviation of the

AEREAL PR ARIRURLA

I

remaining 99 observations. Then, according to the usual

-
rRE RN

criterion, the least precise observation has the unity weight

and the other 99 observations have the weight 20. That dis-

-
I

tribution of weights does not seem "good," and it is the
author's opinion that there should be a better constraint
minimizing the disturbances introduced by the assignment of

different weights.
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APPENDIX G. DECISION OF ADJUSTED VALUES

Given the cbservation equations

.§ ’ axeby =L =V,
A asx ¢+ bey - la =V,
aax +byy - l3z =V,

the standard deviations of adjusted values (by least squares
i method) for x and y will be determined [REF.Z].
1. Assuming the observations were equally weighted, and

solving the normal equations, the following is obtained:

: (. BelbL]-(*](at ]
: (ae)*- [a*] [v]

y. [3el0]-(a0] (L]
‘ [ae1*- [22] [¢]

where the brackets have the usual meaning of sum.

(G-1)

st

Rearranging (G-1),

X {X=o(.l.u+dz|-z + o3 (3
; 'j :/9, Lq 4'/51, Lz + /43 l_3
. where

: < . [L2] a0 - (ab] be

2 (a*1(s] -[awl”?

¥ I?a., : L] bi -(av]ac
| (a1 (6] - (e 1?
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Consider L\ ’ Lz and L3 as values assumed, respectively,
by independent random variables L, ' LZ and L3. Since
the observations were equally weighted, then L, ) Lz and
L, present the same standard deviation, say, So- Then,

3

VAR(X) = ¥ o' Var (L;)= (2] 3,
3
ﬁ VAR (Y) = Z B var (L) = [A 150 (6-2)
3
CoVAR (X,Y) = Z Ay By VAR(Li) = ["‘/3 ]50 .
5 L=}

? -1
2. Determining the matrix Q = (AW A) , the result is

[ [b? ]T ~[ab]
q I 9.2 [3"][9] '[ab]z [a“-][b’-]-[a b]?.

) 921 922 T - [Bb] [a%]

a—y

(e2](+*] -[2®]" E](v] -[aL]*

3. Since

(2] __[¥] ]
(][] -[ap]*

[4*], (a4 - 9n
[a2)(*])-[ae]™

[dﬂ]: SEL) = 92
DIDEE

1.8

......................................

L
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it may be concluded from eq. (G-2) that

5;{ So - J;:.
¢ Sy Sa.ﬁ;
L Sxy S: Qe

4

"

"

4. Finally, the correlation coefficient P between random

variables x and y is given by

- sz - 9.2
Sx. Sy [-ﬁu'qu]h .
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APPENDIX H. ERROR ELIPSE
1. The position P(x y) of a vessel at sea is a two-
dimensional random variable; its density function is the

joint density function of the random variables x and vy ;

Since /u, and /A’ are the adjusted coordinates (X,Ys),
if the origin of the coordinate system is positioned there,

it will be obtained that

_ o‘,‘,“"o“:[-l [ x*® _7_0-;’ xy ' 77']
Z(G;zﬁ‘l_‘;"‘l.) 0—,'1. 6_;7' 6‘:’1 ‘ 0-7'1.
‘Fx (x 9y £ 3
Y 2 022637 - dny
)
iR Pixy)
2.8y IEJ
SJ* -
24x
Q —
(”oﬁ) Sx x

FIG H-1: TWO-DIMENSIONAL NORMAL DISTRIBUTION
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Then, the probability of occurrence of the vessel's position in

a small area (20X. 28Y) aroundP(x,y) will be given by

(see PIG H-1)

X+AX  ,y+ay
P(X= zté", 7’-’-3?-4.3): / / ; (zy) dy d=
X-8% y-4ay x7 ‘

2. Now, it will be determined in what kind of line points with
equal probability of occurrence are situated.
These points will present the same value £f for the

density function. Therefore, letting

2

2 =
Ki= @ @G - 0y

Ky=[- ln (2e Vi f12kY] /027657

and Kaz - KzO',}zG;"" 5 then

2
G'y"‘xz—za';yxj‘rf;tf'+l(3=o (H'1)

That quadratic equatien in x and y represents a conic; the
existence of the xy-term indicates that the conic is rotated
out of its standard position.

a. Before determining what kind of conic equation (H-1)
represents, check if points (fy,e) and (o,G;) are both
over the same contour line for a constant density function.

Inserting point (¥x,0) into (H-1) results in
k3= -0 432

Inserting point (0,03) into (H=-1) results in
16-1
kKa=-0x O3y,

Therefore, the points (02)0) and (o,0y) are over the

. . 2 =
same contour line (corresponding to K3 = -0% G;).
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b. The analytical expression for the specific contour

line containing points (0%,0) and (o0,0y) is

T 2 2 2 T 2
G x'-2 Gy x3 + G Y -GG =0 (H-2)
Considering
Q 2

A=0 C= ax E=o
& 2 2
- 6:—7.6-;5 D=0 F=z-dx 6-7
g it is concluded that the discriminant is less than or equal

3 to zero, i.e.,
2
B°- 4 AcC £0.
?
Therefore, if B-4Ac <o then equation (H-2) represents an

t
ellipse; if B-4Ac=0 then it will represent a straight

line (a degenerate ellipse corresponding to a perfect
correlation between random variables x and vy).
3. The equation of the error ellipse in standard position:

Consider

(ATWA)Y = Q =Tt 9
qg 92

Recalling that

Sy = S . Ya,
Sy = S,. V4

AT s TE T AT -

and

5:): saz- 93

V&L . o o

...............
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then equation (H-2) is equivalent to

2z
G* - 29 ¥y 4193 -9.9: Sg se. (H-3)

Consider
Az 91 C= 9, E=o0
B:-29 D= o Fz-9 4, 5‘2'

If the x-axis is rotated an angle 32 such that

ot 25 - A . da (H-4)
293

then the equation of the ellipse (H-3) in its standard

position is

x‘l.

( 4, 92 501. )
q9: @s" Yo - 293 Cos ¥o Sin Yo +9, sin* ¥o

y* .1 (H-5)
( q“h 5} ) )

Q2 sin' Yo+ 243 @S Yo Sin Yo +q) cos” Fe

After some algebraic and trigonometric manipulation, the

following expression is obtained from (H-3) .

2
X * 3° =1 (H-6)
299 St ) (zq.qg So )
4.+9: - D 9t 2 ¢ D
123
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where
D:[(q.-qa)ﬂ 4 qy ]/L, (H-7]

4. If the positive value of D satisfying eq. (H-7) is

choosen, then the semi-major axis of the error ellipse is

- positioned along the "new" x~-axis. Therefore, from the
o
. two solutions ¥ =d and d,= ol+90 satisfying eq. (H-4) the
-
g valid one must be choosen (considering ¢ as the smallest

positive angle satisfying (H-4)).

2
ﬂ "NEW' x-2xis

)
IIOLD\\ X-ax;‘

FIG H-2: ERROR ELLIPSE

The only way to solve that ambiguity is to test either with
dl or dz.
For that purpose, it is recommended to

a) obtain the point of intersection (either P, or fq )
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of the line y = xtand with the ellipse before rotation

(expressed by eq (H-3));

b) determine the distance d between the origin and P,

(orf);
a , then the major axis makes

c) if 4 semi-major axis

an angle b’o =d, (measured counterclockwise) with the "old"

x-axis; if not, then the angle will be Yo= olg = o+ 90° ,

that is, the major axis runs through 2nd and 4th quadrant.
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APPENDIX I ~ ALGORITHMS

MODULE 1
ALGORITHM FIX-BY-N-AZIMUTHS
INPUT N
PI+3.141592653589793
OUTPUT 'NUMBER OF STATIONS=',N
DO FOR I«+~1 TO N
INPUT TABLE-INPUT(I 1) ,TABLE-INPUT(I,2),TABLE-INPUT(I,4)
OUTPUT'ST#',I, EAST=' TABLE INPUT(I, 1) , 'NORT='
TABLE-INPUT(I 2), 'ST ERROR=', TABLE INPUT(I, 4)
END DO
DO FOR I+~1 TO N
INPUT TABLE-INPUT(I,3)
END DO
DO WHILE TABLE-INPUT(1,3)#400.0
OUTPUT 'OBSERVED AZIMUTHS'
DO FOR I<+1 TO N
OUTPUT'AZIMUTH FROM STATION#',I,'=',TABLE-INPUT(I,3),
'DEGREES'
ALGORITHM CONVERSION-DEGREES-RADIANS(TABLE~INPUT(I,3))
TABLE-INPUT(I,3)«TABLE-INPUT(I1,3)*(P1/180.0)
END CONVERSION-DEGREES-RADIANS(TABLE~INPUT(I,3))
END DO
MODULES 2,3,4,5,6,7
DO FOR I+1 TO N
INPUT TABLE-INPUT(I,3)
END DO
END DO
END FIX-BY-N-AZIMUTHS

MODULE 2
ALGORITHM WEIGHT-MATRIX (N,TABLE-INPUT(I,4))
ALGORITHM ZERO (TABLE-WEIGHT)
DO FOR I«1 TO 10
DO FOR Je1 TO 10
TABLE-WEIGHT(I,J )« 0.000
END DO
END DO
END ZERO (TABLE-WEIGHT)
- ALGORITHM SQUARE (N,TABLE-INPUT(I,&4),TABLE-WEIGHT)
- DO FOR Ie«1 TO N
TABLE-WEIGHT(I,1)« TABLE-INPUT(I,4)*%2
END DO
END SQUARE (TABLE-WEIGHT)

ALGORITHM NORMALIZE TABLE—WE'.IGHT)
GREATEST «~ TABLE-WEIGHT (1

DO FOR I«2 TO N
IF TABLE-WEIGHT(I,I) > GREATEST THEN
GREATEST « TABLE-WEIGHT(I,I)
END IF
END DO

SO————
SO e §9 10

MR I+«
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T, DO FOR I«1 TO N

i TABLE-WEIGHT(I,I)4~GREATEST/TABLE-WEIGHT(I,I)
s END DO

- END NORMALIZE (TABLE-WEIGHT)

X END WEIGHT-MATRIX (TABLE-WEIGHT)

MODULE 3
ALGORITHM FIRST-INITIAL-POINT (TABLE-INPUT,N)
ALGORITHM SELECT-AZIMUTHS(TABLE-INPUT(I,3),N)
Ie2
DO WHILE TANGENT(TABLE-INPUT(I,3))=TANGENT(TABLE-
INPUT(1,3))
Ie1I+]
IF 1 >N THEN
OUTPUT'POSITION IS UNDETERMINED FOR THAT DATA SET'
PICK UP ANOTHER DATA SET
END IF
END DO
END SELECT-AZIMUTH(I)
ALGORITHM INITIAL-COORDINATES (TABLE-INPUT,I)
IF TABLE-INPUT(1,3)=0.0 OR TABLE-INPUT(1,3)=PI THEN
MK « TANGENT((5./2.)*PI1-TABLE-INPUT(1,3))
X0 «TABLE-INPUT(1,1)
YO «TABLE-INPUT(I,2)+MK*(XO-TABLE-INPUT(L,1))
ELSE IF TABLE-INPUT(I,3)=0.0 OR TABLE-INPUT(I,3)=PI THEN
MI « TANGENT((5./2.)*PI-TABLE-INPUT(1,3))
X0 «~TABLE-INPUT(I,1)
YO «TABLE-INPUT(1,2)+MI*(XO-TABLE-INPUT(1,1))
ELSE
MI « TANGENT((5./2.)*PI-TABLE-INPUT(1,3))
MK & TANGENT((5./2.)*PI-TABLE-INPUT(1,3))
X0 «~(TABLE-INPUT(I,2)-TABLE-INPUT(1,2)+MI*TABLE-
INPUT(1l,1)=-MK*TABLE-INPUT(L,1))/(MI-MK)
YO «TABLE-INPUT(1,2)+MI*(XO-TABLE-INPUT(1,1))
END 1IF
END INITIAL-COORDINATES (X0,YO)
END FIRST-INITIAL-POINT(XO,YO)

MODULE 4
ALGORITHM ITERATIONS (TOLERANCE)
DO UNTIL TOLERANCE < 1.0
MODULES 8,9,10,11,12,13,14
END DO
END ITERATIONS(XO,YO)

MODULE 5

¥ ALGORITHM FINAL-ADJUSTED-POSITION (XO,YO)

- OUTPUT 'ADJUSTED COORDINATES X=',X0,'Y=',YO
E END FINAL-ADJUSTED-POSITION (X,Y)

R
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MODULE 6

ALGORITHM PRECISION (TABLE-A,TABLE-WEIGHT,TABLE-Q,LIST-L,
DELTAX,DELTAY,N)
MODULES 15,16,17,18,19

END PRECISION(SU,SX,SY,SXY,RO)

MODULE 7

ALGORITHM ERROR-ELIPSE(TABLE-Q,SU)
OUTPUT 'ERROR ELIPSE SEMI-AXIS AND ORIENTATION'
MODULES 20, 21, 22, 23, 24, 25, 26

END ERRO-ELIPSE(SA,SB,GAMAO)

MODULE 8
ALGORITHM INITIAL-AZIMUTHS(XO,YO,TABLE-INPUT,N)
DO FOR I<«1 TO N
IF YO=TABLE-INPUT(I,2) AND XO > TABLE-INPUT(I,l) THEN
LIST-AO(I)«PI/2.
ELSE IF YO=TABLE-INPUT(I,2) AND XO < TABLE-INPUT(I,l) THEN
LIST-AO(I) & (3.0%PI)/2.
ELSE IF XO=TABLE-INPUT(I,1) AND YO >TABLE-INPUT(I,2) THEN
LIST-AO(I)« 0.0
ELSE IF XO=TABLE-INPUT(I,1) AND YO <TABLE-INPUT(I,2) THEN
LIST-AO(I)« PI
ELSE
ALFA(I) « ARC TANGENT((XO-TABLE-INPUT(I,1l))/(YO-
TABLE-INPUT(I,2)))
IF ALFA(I) >0.0 AND XO > TABLE-INPUT(I,1l) THEN
LIST-AO(I)e ALFA(I)
ELSE IF ALFA(I) >0.0 AND XO < TABLE-INPUT(I,l) THEN
LIST-AO(I)e ALFA(I)+PL
ELSE IF ALFA(I)< 0.0 AND XO >TABLE-INPUT(I,1l) THEN
LIST~AO(I) « ALFA(I)+PI
ELSE
LIST~AO(I)«ALFA(I)+2.0%PI1
END IF
END IF
END DO
END INITIAL-AZIMUTHS(LIST=-AO)

MODULE 9
ALGORITHM MATRIX-L(TABLE-INPUT(I,3),LIST-AO,N)
ALGORITHM ZERO(LIST-L)
DO FOR I«1 TO 10
LIST-L(I) «0.000
END DO
END ZERO(LIST-L)
DO FOR I«1 TO N
LIST-L(I) e TABLE-INPUT(I,3)-LIST-AO(I)
END DO
END MATRIX-L(LIST-L)
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MODULE 10
ALGORITHM INITIAL-SQUARED-DISTANCES(XO0,YO,N,TABLE-INPUT)
DO FOR 1«1 TO N
LIST-SO(I1) e (XO-TABLE-INPUT(I, 1) )**2+(YO-TABLE-
INPUT(I,2))%%2
END DO
END INITIAL-SQUARED-DISTANCES(LIST~SO)

MODULE 11
ALGORITHM MATRIX-A (N,TABLE-INPUT,XO,YO,LIST-S0)
ALGORITHM ZERO (TABLE-A)
DO FOR I«1 TO 10
DO FOR J+1 TO 2
TABLE-A(I,J)« 0.000
END DO
END DO
END ZERO(TABLE-A)
ALGORITHM ELEMENTS(TABLE-A,N,TABLE-INPUT,X0,YO0,LIST-SO)
DO FOR I &1 TO N
TABLE-A(I,1) « (YO-TABLE-INPUT(I,2))/LIST-SO(I)
END DO
DO FOR I&1 to N
TABLE-A(I,2) «(TABLE-INPUT(I,1)-X0)/LIST-SO(I)
END DO
END ELEMENTS(TABLE-A)
END MATRIX-A(TABLE-A)

MODULE 12
ALGORITHM NORMAL-EQUATIONS (TABLE-A,TABLE-WEIGHT,LIST-L)
ALGORITHM ATW(TABLE-A,TABLE~-WEIGHT)
DO FOR I+~1 TO 2
DO FOR J«1 TO 10
TABLE-ATW(I,J)« 0.00
DO FOR K« 1 TO 10
TABLE-ATW(I,J) «TABLE~-ATW(I,J)+TABLE~-
A(K,I)*TABLE-WEIGHT(K,J)
END DO
END DO
END DO
END ATW(TABLE-ATW)
ALGORITHM ATWA (TABLE-ATW,TABLE-A)
DO FOR I« 1 TO 2
DO FOR Je1 TO 2
TABLE-ATWA(I,J) «0.00
DO FOR K«1 TO 10
TABLE-ATWA(1,J) «~TABLE-ATWA(I,J)+TABLE~
ATW(I,K)*TABLE-A(K,J)
END DO
END DO
END DO
END ATWA (TABLE-ATWA)
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ALGORITHM INVERT-ATWA(TABLE-ATWA)
BETA ~TABLE-ATWA(1,2)%%2-TABLE-ATWA(1,1)*TABLE-ATWA(2,2)
TABLE-Q(1, 1)+ -TABLE-ATWA(2,2)/BETA
TABLE-Q(1,2)« TABLE-ATWA(1,2)/BETA
TABLE~Q(2,1)«TABLE-Q(1,2)

TABLE-Q(2,2) «~-TABLE-ATWA(1,1)/BETA
END INVERT-ATWA(TABLE-Q)
ALGORITHM ATWL(TABLE-ATW,LIST-L)
DO FOR I« 1 TO 2
LIST-ATWL(I)«0.0
DO FOR Ke«1 TO 10
LIST-ATWL(I) e LIST~ATWL(I)+TABLE-ATW(I,K)*LIST-L(K)
END DO
END DO

END ATWL(LIST-ATWL)

ALGORITHM ADJUSTED-INCREMENTS(TABLE-Q,LIST-ATWL)
DELTAX + TABLE-Q(1,1)*LIST-ATWL(1)+TABLE~
Q(1,2)*LIST-ATWL(2)

DELTAY « TABLE-Q(2,1)*LIST-ATWL(1)+TABLE-
Q(2,2)*LIST-ATWL(2)
END ADJUSTED-INCREMENTS(DELTAX,DELTA Y)
END NORMAL-EQUATIONS(DELTAX,DELTA Y)

MODULE 13

ALGORITHM NEW-INITIAL-POINT (X0,YO,DELTAX,DELTAY)
X0 « XO+DELTAX
YO «YO+DELTAY

END NEW-INITIAL-POINT(XO0,YO)

MODULE 14

ALGORITHM TOLERANCE(DELTAX,DELTAY)
TOLERANCE ¢ DELTAX*%2+DELTAY*%2

END TOLERANCE(TOLERANCE)

MODULE 15
ALGORITHM RESIDUALS(TABLE-A,LIST-L,DELTAX,DELTAY,N)
LIST~X(1l) « DELTAX
LIST-X(2) « DELTAY
ALGORITHM LIST-AX(TABLE-A,LIST-X,N)
DO FOR I«1 TO N
LIST-AX(I)« 0.0
DO FOR Je1 TO 2
LIST-AX(L) « LIST-AX(I)+TABLE-A(I,J)*LIST-X(J)
END DO
END DO
END LIST-AX(LIST-AX)
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ALGORITHM LIST-V(LIST-AX,LIST-L,N)
DO FOR I1«1 TO N
LIST-V(I)« LIST-AX(I)-LIST-L(I)
END DO
END LIST-V(LIST-V)
END RESIDUALS(LIST-V)

MODULE 16
ALGORITHM ST-DEVIATION-OF-UNIT-WEIGHT-OBS(LIST-V,TABLE-WEIGHT,N)
ALGORITHM LIST-VIW(LIST-V,TABLE-WEIGHT,N)
DO FOR 1«1 TO N
LIST-VIW(I) & LIST-V(I)*TABLE-WEIGHT(I,I)
END DO
END LIST-VIW(LIST-VTIW)
ALGORITHM VTWV(LIST-VIW,LIST-V)
VIWV « 0.0
DO FOR 1«1 TO N
VIWV «VTWV+LIST-VTW(I)*LIST-V(I)
END DO
END VTWV(VTWV)
ALGORITHM TRACE(TABLE-WEIGHT)
TRACE &« 0.0
DO FOR I «1 TO N
TRACE «TRACE+TABLE-WEIGHT(I,I)
END DO
END TRACE(TRACE)
ALGORITHM SU(VTWV,TRACE)
CHARLIE « (VIWV/(TRACE-2.0))
SU « SQRT (CHARLIE)
END SU(SU)
END ST-DEVIATION-OF-UNIT-WEIGHT-0OBS(SU)

MODULE 17
ALGORITHM ST-DEVIATION-OF-EACH-OBS(SU,TABLE-WEIGHT)
OUTPUT 'PRECISION OF OBSERVATIONS'
DO FOR 141 TO N
S «(SU/SQRT(TABLE-WEIGHT(I1,1)))*(180.0/PI)
OUTPUT'ST DEVIATION OF OBS',I,'=',S, 'DEGREES'
END DO
END ST-DEVIATION-OF-EACH-0BS

MODULE 18
ALGORITHM ST-DEVIATIONS-AND-COVARIANCE-OF X-AND-Y(SU,TABLE-Q)
SX « SU%*SQRT (TABLE-Q(1,1))
SY « SU*SQRT (TABLE-Q(2,2))
SXY e (SU*%2)*TABLE-Q(1,2)
OUTPUT'SX=',SX, 'SY="',8Y, 'SXY=",SXY
END ST-DEVIATIONS-AND-COVARIANCE-OF-X-AND-Y(SX,SY,SXY)
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MODULE 20
B ALGORITHM D(TABLE-Q)
| D4~SQRT((TABLE-Q(1,1)-TABLE-Q(2,2))*%2+4 0% (TABLE~-
" Q(1,2)**2))

END D(D)

o MODULE 21
& ALGORITHM SEMI-MAJOR~AXIS(SU,TABLE-Q)
SA« SU%SQRT(2.0*TABLE-Q(1,1)*TABLE-Q(2,2)(TABLE~Q(1,1)+
TABLE-Q(2,2)=D))
OUTPUT 'SEMI-MAJOR AXIS SA=',SA
END SEMI-MAJOR-AXIS(SA)

MODULE 22
ALGORITHM SEMI-MINOR-AXIS(SU,TABLE-Q)
SB SU*SQRT(2.0*TABLE-Q(1,1)*TABLE-Q(2,2)(TABLE~Q(1,1)+
TABLE-Q(2,2)+D))
OUTPUT'SEMI-MINOR AXIS SB=',SB
END SEMI-MINOR-AXIS(SB)

MODULE 23
ALGORITHM GAMA(TABLE-Q)
IF TABLE-Q(l,1)=TABLE-Q(2,2) THEN
GAMA «#P1/4.0
ELSE
OMEGA < ARC TANGENT(2.0*TABLE-Q(l,2)/(TABLE-Q(1,1)-
TABLE-Q(2,2)))
IF OMEGA » 0.0 THEN
GAMA «~OMEGA/2.0
ELSE
GAMA « (OMEGA+P1)/2.0
END IF
END IF
END GAMA(GAMA)

MODULE 24
ALGORITHM INTERSECTION(SU,TABLE-Q,GAMA)
X10 «(SU**2)*TABLE-Q(1,1)*TABLE-Q(2,2)
X11«TABLE-Q(2,2)-2.0%TABLE~Q(1,2)*TANGENT (GAMA )+
(TANGENT (GAMA**2)*TABLE-Q(1l,1)
XleX10/X11
Y1« X1%(TANGENT (GAMA)**2)
END INTERSECTION (X1,Yl)

MODULE 25

ALGORITHM AVERAGE(SA,SB)
AVER « ((SA+SB)/2.0Q)**2

END AVERAGE(AVER)
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MODULE 26
ALGORITHM SELECTION(AVER,X1,Y1l)
D1 « X1+Y1
IF D1 2 AVER THEN
GAMAO « GAMA
ELSE
GAMAO «GAMA+P1/2.0
END 1IF
GAMAO «GAMAO*(180.0/PI1)
OUTPUT 'ANGLE FROM X-AXIS TO SA ANTICLOCKWISE=',KGAMAO
END SELECTION(GAMAO)

MODULE 19
ALGORITHM CORRELATION-COEFFICIENT(SX,SY,SXY)
RO« SXY/ (SX*SY)
OUTPUT 'CORRELATION COEFFICIENT RO=',RO
END CORRELATION-COEFFICIENT(RO)
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MODULE 30
ALGORITHM FIX~-BY-N-SEXTANT-ANGLES
PI1 +3.141592653589793
INPUT N
OUTPUT 'NUMBER OF SEXTANT ANGLES=',N
MeN+1
DO FOR I1«1 TO N
INPUT TABLE-INPUT(I,1),TABLE-INPUT(I1,2),TABLE-
INPUT(I, 4)
OUTPUT'ST#',I, 'EAST=',TABLE-INPUT(I,1).'NORTH=',6TABLE-
INPUT(I,2),"'ST ERROR=",TABLE~INPUT(I,4)
END DO
INPUT TABLE~INPUT(M,1),TABLE-INPUT(M,2)
OUTPUT'ST#',M, 'EAST=',TABLE-INPUT(M,1), 'NORTH=',6TABLE-
INPUT(M,2)
DO FOR I«1 TO N
INPUT TABLE-INPUT(I,3)
END DO
DO WHILE TABLE-INPUT(1,3)#400.0
OUTPUT'OBSERVED SEXTANT ANGLES'
DO FOR 1«1 TO N
Je1+1
OUTPUT 'SEXTANT ANGLE BETWEEN ST#',I,'AND ST#',J,
‘=' TABLE-INPUT(I,3), 'DEGREES"
ALGORITHM CONVERSION-DEGREES-RADIANS(TABLE-INPUT(I,3))
TABLE-INPUT(I,3) TABLE-INPUT(I,3)*(P1/180.0)
END CONVERSION-DEGREES-RADIANS(TABLE-INPUT(I,3))
END DO
MODULES 2,31,32,5,6,7
DO FOR 1«1 TO N
INPUT TABLE-INPUT(I,3)
END DO
END DO
END FIX-BY-N-SEXTANT-ANGLES

MODULE 31

ALGORITHM FIRST-INITIAL-POINT-FOR-FIX-BY-N-SEXTANT-
ANGLES(TABLE-INPUT)
MODULES 33,34,35,36

END FIRST-INITIAL-POINT-FOR-FIX-BY-N-SEX"ANT-ANGLES(X0.YO)

MODULE 32
ALGORITHM ITERATIONS(TOLERANCE)
DO UNTIL TOLERANCE <1.000
MODULES 37,38,39,40,12,13,14
END DO
END ITERATIONS(XO,YO)
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MODULE 33
ALGORITHM SELECT-SEXTANT-ANGLES(TABLE-INPUT)
Jel
DO UNTIL FRAC 1 # FRAC 2
JeJ+1
IF J# M THEN
OUTPUT 'SOLUTION UNDETERMINED FOR THAT DATA SET'
PICK UP ANOTHER DATA SET

END IF

IeJ-1

KeJ+1

ANGUL « TABLE-INPUT(I,3)+TABLE-INPUT(J,3)

FRAC 1 «COSINE(ANGUL)*SQRT (((TABLE-INPUT(I,1)~
TABLE-INPUT(J,1))%%*2+(TABLE-INPUT(L,2)-TABLE-
INPUT(J,2))*%2)%((TABLE-INPUT(K,1)-TABLE-INPUT(J,1))**2+
(TABLE-INPUT(K,2)~TABLE-INPUT(J,2))%*%2))

FRAC 2 « (TABLE-INPUT(I,1)-TABLE-INPUT(J,1))*(TABLE~
INPUT(J,1)-TABLE-INPUT(K,1))+(TABLE-INPUT(I1,2)
-TABLE-INPUT(J,2))*(TABLE-INPUT(J,2)-TABLE~-INPUT(K,2))

END DO

END SELECT-SEXTANT-ANGLES(I,J,K)

MODULE 34
ALGORITHM INTERCHANGE-DATA(TABLE-INPUT,I,J,K)
STORE (1)« TABLE-INPUT(1,1)
STORE (2 )e= TABLE-INPUT(1,2)
; STORE (3 )e- TABLE-INPUT(1,3)
) STORE (4 ) «-TABLE-INPUT(2,1)
5 STORE (5 ) TABLE-INPUT(2,2)
STORE (6 ) ~~TABLE-INPUT(2,3)
. STORE (7 )«—~TABLE-INPUT(3,1)
STORE (8 )«~TABLE-INPUT(3,2)
! STORE (9 )«—TABLE-INPUT(I,1)
STORE (10 )= TABLE-INPUT(I,2)
STORE(11 )e—TABLE-INPUT(I,3)
STORE (12 )e=TABLE-INPUT(J,1)
STORE (13)e- TABLE-INPUT(J,2)
STORE(14)e=TABLE-INPUT(J,3)
STORE(15)eTABLE~INPUT(K,1)
STORE (16 )e=TABLE-INPUT(K,2)
TABLE-INPUT(1,1) «STORE(9)
TABLE-INPUT(1,2)«=STORE(10Q)
TABLE-INPUT(1,3)«STORE(L1)
TABLE-INPUT(2,1)e-STORE(12)
TABLE-INPUT(2,2)«=STORE(13)
TABLE-INPUT(2,3)eSTORE(14)
TABLE-INPUT(3,1)a~STORE(15)
TABLE-INPUT(3,2)«STORE(16)
END INTERCHANGE-DATA(TABLE-INPUT,STORE)
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MODULE 35
ALGORITHM INITIAL-COORDINATES(TABLE-INPUT)
IF TABLE-INPUT (1,3)#(P1/2.0) AND TABLE-INPUT(2,3)#(PI/(2.0)

IF

EL

EL

--------
......
~ .

THEN

AB «~TANGENT(TABLE-INPUT(1,3))

BA & TANGENT (TABLE-INPUT(2,3))

E e~(TABLE-INPUT(2,1)-TABLE-INPUT(1,1))/AB+(TABLE-
INPUT(2,1)-TABLE-INPUT(3,1))/BA+TABLE-INPUT(3,2)~

TABLE, INPUT(1,2)

F & (TABLE-INPUT(2,2))-TABLE-INPUT(1,2))/AB+(TABLE-INPUT(2.2)~-
TABLE-INPUT(3,2))/BA+TABLE~-INPUT(1l,1)~-

TABLE-INPUT(3,1)

G & (TABLE-INPUT(1,2)*TABLE-INPUT(2,1)-TABLE-INPUT(2,2)*
TABLE-INPUT(1,1))/AB+(TABLE-INPUT(2,1)*TABLE-INPUT(3,2)~
TABLE-INPUT(3,1)*TABLE-INPUT(2,2))/BA+TABLE-
INPUT(2,1)*TABLE-INPUT(3,1)+TABLE~-INPUT(2,2)*TABLE~-
INPUT(3,2)-TABLE-INPUT(1l,1)*TABLE-INPUT(2,1)-
TABLE-INPUT(1,2)*TABLE-INPUT(2,2)

F=0.0 THEN

DAO«~G/E

YOl «DAO

Y02 «~DAO

U «AB

R «TABLE-INPUT(1,2)~-TABLE-INPUT(2,2)-AB*(TABLE-INPUT(1,1)+
TABLE-INPUT(2,1))

SALe AB* (DAO*%*2-DAO*(TABLE-INPUT(1,2)+TABLE-INPUT(2,2))+
TABLE-INPUT/1,1)*TABLE-INPUT(2,1)+TABLE-INPUT(1,2)*
TABLE-INPUT(2,2))+DA0%* (TABLE-INPUT(2,1)-TABLE-INPUT(1,1))+
TABLE-INPUT(1,1)*TABLE-INPUT(2,2)~TABLE-INPUT(2,1)*
TABLE-INPUT(1,2)

DISC «~SQRT (R¥*2-4 ,0%U*SAL)

X01 & (-R+DISC)/(2.0%U)

X02 & (-R-DISC)/(2.0%*U)

SE IF E=0.0 THEN

He=(-G/F)

X0leH

X02&H

U & AB

R e TABLE-INPUT(2,1)-TABLE-INPUT(1l,1)~AB*(TABLE-INPUT(1l,2)+
TABLE-INPUT(2,2))

SAL e AB* (H**2-H*(TABLE-INPUT(1,1)+TABLE-INPUT(2,1))+
TABLE~INPUT(1l,1)*TABLE-INPUT(2,1)+TABLE~INPUT(1,2)*
TABLE-INPUT(2,2))+H*(TABLE-INPUT(1,2)-TABLE-INPUT(2,2))+
TABLE~INPUT(1,1)*TABLE-INPUT(2,2)-TABLE-INPUT(2,1)*
TABLE-INPUT(1,2)

DISC«=SQRT(R**2=-4,0%U*SAL)

YOl & (=-R+DISC)/(2.0%U)

Y02 &= (-R-DISC)/(2.0*U)

SE

C~F/E
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DAO -G /E

U o AB¥(C*¥2+1.0)

R < AB*(2.0%C*DAO-C*(TABLE-INPUT(1,2)+TABLE-INPUT(2,2))
-TABLE-INPUT(1,1)~TABLE-INPUT(2,1))+C*(TABLE-
INPUT(2,1)-TABLE-INPUT(1,1))+TABLE-INPUT(1,2)-
TABLE-INPUT(2,2)

SAL «~AB* (DAO**2-DAO0* (TABLE-INPUT (1, 2)+TABLE-INPUT(2,2))+
TABLE-INPUT(1,1)*TABLE-INPUT(2,1)+TABLE-INPUT(1,2)*
TABLE-INPUT(2,2))+DA0* (TABLE-INPUT(2,1)-TABLE~
INPUT(1,1))+TABLE-INPUT(1,1)*TABLE-INPUT(2,2)-
TABLE-~INPUT(2,1)*TABLE-INPUT(1,2)

DISC ~SQRT (R¥**2-4.0%U*SAL)

X01 « (-R+DISC)/(2.0%U)

X02 ~—(-R-DISC)/(2.0%U)

YO1 «~C*X01+DAO

Y02 —C*X02+DAO

END IF
ELSE IF TABLE-INPUT(1,3)=(PI/2.0) AND TABLE-INPUT(2,3)#

(P1/2.0) THEN

BA < TANGENT (TABLE-INPUT(2,3))

E « BA*(TABLE-INPUT(3,2)-TABLE-INPUT(1,2))+
TABLE-INPUT(2,1)-TABLE-INPUT(3,1)

F & BA*(TABLE-INPUT(1,1)~-TABLE-INPUT(3,1))+TABLE~INPUT(2,2)-
TABLE-INPUT(3,2)

G o= BA*(TABLE-INPUT(2,2)*TABLE-INPUT(3,2)+TABLE-INPUT(2,1)*
TABLE-INPUT(3,1)-TABLE-INPUT(1,2)*TABLE-INPUT(2,2)-
TABLE-INPUT(1,1)*TABLE-INPUT(2,1))+
TABLE-INPUT(2,1)*TABLE-INPUT(3,2)-TABLE-INPUT(3,1)*
TABLE-INPUT(2,2)

IF F=0.0 THEN

DAO «G/E

YO1 « DAO

YO2 «~DAO

R & -TABLE-INPUT(1l,1)-TABLE-INPUT(2,1)

SAL «-DAO%*2-DAO* (TABLE-INPUT (1,2 )+TABLE-INPUT(2,2))+
TABLE-INPUT(1,2)*TABLE-INPUT(2,2)+TABLE-
INPUT(1,1)*TABLE-INPUT(2,1)

DISC «SQRT (R¥*2-4.0*SAL)

X01 « (-R+DISC)/2.0

X02 «~(-R-DISC)/2.0

ELSE IF E=0.0 THEN

He (-G/F)

X0leH

X02 «H

R « -TABLE-INPUT(1,2)~-TABLE-INPUT(2,2)

SAL ¢ H**2-H* (TABLE-INPUT (1.1)+TABLE-INPUT(2.1)+
TABLE-INPUT(1,1))*TABLE-INPUT(2,1)+TABLE-
INPUT(1,2)*TABLE-INPUT(2,2)

DISC*SQRT (R**2~4,0%SAL)

YOle (-R+DISC)/2.0

Y02 « (-R=-DISC)/2.0
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ELSE
7 CeF/E
- DAO «G/E
| UeC¥%2+1.0
R &2 .0*C*DAO~C* (TABLE-INPUT(1,2)+TABLE-INPUT(2,2))
; “TABLE-INPUT(1,1)-TABLE-INPUT(2,1)
X SAL 4 DAQ¥*2-DA0% (TABLE-INPUT(1, 2 ) +TABLE-INPUT(2,2))+
- TABLE-INPUT(1, 2 )*TABLE-INPUT (2,2 )+TABLE-INPUT(1,1)*
TABLE-INPUT(2.1)
! DISC +SORT (R*%2-4 . 0%*U*SAL)
& X01e= (-R+DISC)/(2.0%U)
2 X02«(-R-DISC)/(2.0%U)
YO1 « C*X01+DAO
i Y02 +~C*X02+DA0
END IF
ELSE IF TABLE-INPUT(1,3)#(PI/2.0)AND TABLE-INPUT(2,3)=

(P1/2.0) THEN

AB+ TANGENT (TABLE-INPUT(1,3))

E « AB*(TABLE-INPUT(1,2)-TABLE-INPUT(3,2))+TABLE-
INPUT(1,1)-TABLE-INPUT(3,1)

FeAB*(TABLE-INPUT(3,1)~TABLE-INPUT(1,1))+TABLE~
INPUT(L,2)-TABLE-INPUT(2, 2)

G «~AB* (TABLE-INPUT(1,1)*TABLE-INPUT(2,1)+TABLE-INPUT(1,2)%*
TABLE-INPUT(2,2)-TABLE-INPUT(2,1)*TABLE-INPUT(3,1)~
TABLE-INPUT(2.2 Y*TABLE-INPUT(3,2))+TABLE-INPUT(1,1)*
TABLE-INPUT(2 .2)-TABLE-INPUT(2,1)*TABLE-INPUT(1,2)

IF F=0.0 THEN
DAO + G /E
YO1 «DAO
Y02 o DAO
R~ -TABLE-INPUT(2,1)-TABLE-INPUT(3,1)

SAL +~DAQO**2-DA0% (TABLE-INPUT(2,2) +TABLE-INPUT(3,2))+
TABLE-INPUT (2, 2 )*TABLE-INPUT(3,2)+TABLE-INPUT (2,1)%*
TABLE-INPUT(3.1)

DISC 4 SQRT (R¥%2-4 . 0*SAL)

X01e (-R+DISC)/2.0

X02 «~(-R-DISC)/2.0

ELSE IF E=0.0 THEN

He(-G/F)

X0l H

X02 +H

Re -TABLE-INPUT(2,2)-TABLE-INPUT(3,2)

SALe H¥%2-H¥* (TABLE-INPUT(2,1)+TABLE-INPUT(3,1))+
TABLE-INPUT(2,1)*TABLE~INPUT(3,1)+TABLE=INPUT(2,2)*
TABLE-INPUT(3.2)

DISC « SQRT(R¥¥*2-4 . 0%SAL)

YO1 + (-R+DISC)/2.0

Y02 «(-R-DISC)/2.0

ELSE
CeF/S
DAO &=G /E
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Ue=Ch*2+1.0

R & 2,0%C*%DA0O-C*(TABLE-INPUT(2,2)+TABLE-INPUT(3,2))~-
TABLE-INPUT(2,1)-TABLE-INPUT(3,1)

SAL «~ DAQ*%*2=-DA0* (TABLE-INPUT(2,2)+TABLE-INPUT(3,2))+TABLE~-
INPUT(2,1)*TABLE-INPUT(3,1)+TABLE~-INPUT(2,2)*TABLE~-
INPUT(3,2)

DISC «SQRT(R**2-4 ,0*U*SAL)

X0l e (-R+DISC)/(2.0%U)

X02 «~(-R-DISC)/(2.0%U)

Y01 « (C*X01+DAO

Y02 «~C*X02+DA0

END IF

ELSE

E« TABLE-INPUT(1,2)-TABLE-INPUT(3,2)

F «<TABLE-INPUT(3,1)-TABLE-INPUT(1,1)

G «TABLE-INPUT(1,1)*TABLE-INPUT(2,1)+TABLE~
INPUT(1,2)*TABLE-INPUT(2,2)-TABLE-INPUT(2,2)*TABLE-
INPUT(3,2)-TABLE-INPUT(2,1)*TABLE-INPUT(3,1)

IF F=0.0 THEN
DAO «~G/E
Y01 « DAO
Y02« DAO
X01 «TABLE-INPUT(1,1)

X024+ TABLE-INPUT(1,1)

ELSE IF E=0.0 THEN
Hé (-G/F)

X0l «H

X02«-H

Y0le«~TABLE-INPUT(1,2)

Y02 «~TABLE-INPUT(1,2)

ELSE
Ce~F/E
DAO «G/E
Ue C*%2+1.0
Re2.0*%C*DAO-C* (TABLE-INPUT(2,2)+TABLE-INPUT(3,2))-

TABLE-INPUT(2,1)~TABLE-INPUT(3,1)

SAL «~ DAO%%2-DA0O* (TABLE~INPUT(2,2)+TABLE-
INPUT(3,2))+TABLE-INPUT(2,2)*TABLE~-
INPUT(3,2)+TABLE-INPUT(2,1)*TABLE~-INPUT(3,1)

DISC «SQRT (R**2=4 ,0%U*SAL)

X0l e (-R+DISC)/(2.0%U)

X002« (-R=DISC)/(2.0%U)

YOl «~C*X01+DAO

Y02 « C*X02+DAO

END IF

END IF
ALGORITHM SELECTION(TABLE-INPUT,X01,X02,Y01,Y02)

IF TABLE-INPUT(1,3)#(P1/2.0) THEN

VALOR 14 ((TABLE-INPUT(2,1)-X01)*(TABLE-INPUT(1,2)~-
YO01)-(TABLE-INPUT(1,1)-X01)*(TABLE-INPUT(2,2)~
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YO1))/((TABLE-INPUT(2,2)-YO1)¥*(TABLE-INPUT(1,2)~
v Y01l)+(TABLE-INPUT(2,1 )-XOl )y*(TABLE-INPUT(1,1 )-
- X01l))
VALOR 2 «((TABLE-INPUT(2,1)~X02)*(TABLE~INPUT(1,2)~
Y02 )-(TABLE-INPUT(1,1)-X02)*(TABLE-INPUT(2,2)~-
Y02))/((TABLE-INPUT(2,2)~Y02)*(TABLE-INPUT(1,2)~
Y02%+ (TABLE-INPUT(2,1)-X02)*(TABLE~INPUT(1,1)
=-X02))
MODUL 1 « ABS(TANGENT(TABLE-INPUT(1,3))-VALOR 1)
MODUL 2 «-ABS(TANGENT(TABLE-INPUT(1,3))-VALOR 2)
IF MODUL 1 < MODUL 2 THEN
X0« X01
Y0 ¢« YOl
ELSE
X0 «X02
YO ~Y02
END IF
ELSE IF TABLE-INPUT(2,3)#(PI/2.0) THEN
VALOR . «((TABLE-INPUT(3,1)-X01)*(TABLE-INPUT(2,2)-
YO1l)-(TABLE-INPUT(2,1)-X01)*(TABLE-INPUT(3,2)-
Y01))/((TABLE~INPUT(3,2)-Y01)*(TABLE-INPUT(2,2)~
Y01l)+(TABLE-INPUT(3,1)-X01)*TABLE-INPUT(2,1)-X01))
VALOR 2 « ((TABLE~- INPUT(3 1)-X02)* (TABLE- INPUT(Z 2)-
Y02)~-(TABLE-INPUT(2,1 )-XOZ Y*(TABLE-INPUT(3,2 )-
Y02))/( (TABLE-INPUT(3 2)=Y02)*(TABLE- INPUT(2 2)-
Y02)+(TABLE-INPUT(3,1)-X02)*(TABLE-INPUT(2,1)-x02))
MODUL 1« ABS(TANGENT(TABLE-INPUT(2,3))-VALOR 1)
MODUL 2 < ABS(TANGENT(TABLE-INPUT(2,3))~-VALOR 2)
IF MODUL 1 < MODUL 2 THEN
X0« X01
YO «YQl
ELSE
X0 «X02
YO «Y02
END IF
ELSE
VALOR 1 «(TABLE-INPUT(2,2)-Y01)*(TABLE-INPUT(1,2)~
YOl)+(TABLE-INPUT(2,1)-X01)*(TABLE-INPUT(1,1)-X01)
VALOR 2 « (TABLE-INPUT(2,2)-Y02)*(TABLE-INPUT(1,2)-
Y02)+(TABLE-INPUT(2,1)-X02)*(TABLE-INPUT(1,1)-X02)
MODUL 1l «ABS(VALOR 1)
MODUL 2 «ABS(VALOR 2)
IF MODUL 1 <MODUL 2 THEN
X0 «X01
Y0 e YOL
ELSE
X0 «X02
YO «Y02
END IF
END IF
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END SELECTION (XO0,YO)
END INITIAL-COORDINATES(X0,YO)

MODULE 36
ALGORITHM RESTORE-INITIAL-DATA(TABLE-INPUT,STORE)

TABLE-INPUT(1,1) « STORE(1)
TABLE~INPUT(1,2) e STORE(2)
TABLE-INPUT(1,3) «~STORE(3)
TABLE-INPUT(2,1) + STORE(4)
TABLE-INPUT(2,2) « STORE(5)
TABLE-INPUT(2,3)« STORE(6)
TABLE-INPUT(3,1)« STORE(7)
TABLE-INPUT(3,2) « STORE(8)
TABLE-INPUT(I,1) « STORE(9)
TABLE-INPUT(I,2)+ STORE(10)
TABLE-INPUT(I,3) «~STORE(11)
TABLE-INPUT(J,1)« STORE(12)
TABLE-INPUT(J,2)«STORE(13)
TABLE-INPUT(J,3) «STORE(14)
TABLE-INPUT(K,1) «STORE(15)
TABLE~INPUT(K,2) + STORE(16)

END RESTORE-INITIAL-DATA(TABLE-INPUT)

MODUDULE 37
ALGORITHM INITIAL-~-AZIMUTHS(XO,YO,TABLE-INPUT,M)

DO FOR I¢1 TO M
IF YO=TABLE-INPUT(I,2) AND XO » TABLE-INPUT(I,1) THEN
LIST-AZ(1) +«(3.0%*P1)/2.0
ELSE IF YO=TABLE-INPUT(I,2) AND XO < TABLE-INPUT(I,l) THEN
LIST-AZ(I)«PI1/2.0
ELSE
LIST-ALFA(I) «ARC TANGENT((TABLE-INPUT(I,1)-X0)/
(TABLE-INPUT(1,2)-Y0))
IF LIST-ALFA(I) 20.0 AND XO < TABLE-INPUT(I,1) THEN
LIST-AZ(1)«LIST~ALFA(I)
ELSE IF LIST-ALFA(I) < 0.0 AND XO > TABLE-INPUT(I.l) THEN
LIST-AZ(1) « LIST-ALFA(I)+2.0*PI
ELSE
LIST-AZ(1) «LIST-ALFA(I)+PIL
END IF
END IF
END DO

END INITIAL-AZIMUTHS(LIST-AZ)

MODULE 38
ALGORITHM MATRIX-L(TABLE-INPUT(I,3),LIST-AZ,N)
ALGORITHM ZERO(LIST-L)
DO FOR 1«1 TO 10
LIST-L(I1)«0.0
END DO
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END ZERO(LIST-L)
DO FOR J«1 TO N
JeI+l
LIST-L(I)«TABLE-INPUT(I,3)+LIST-AZ(I)-LIST-AZ(J)
END DO
END MATRIX-L(LIST-L)

MODULE 39
ALGORITHM SQUARED-DISTANCES(TABLE-INPUT,XO0,Y0)
DO FOR I¢«1 TO M
LIST-SO(I) «~(TABLE~-INPUT(I,1)-X0)%%2+(TABLE~-INPUT(I,2)~
YO )#**2
END DO
END SQUARED-DISTANCES(LIST-SO)

MODULE 40
ALGORITHM MATRIX-A(N,TABLE-INPUT,X0,YO,LIST-SO)
ALGORITHM ZERO(TABLE-A)
DO FOR I<«1 TO 10
DO FOR J«1 TO 2
TABLE-A(I,J)« 0.0
END DO
END DO
END ZERO(TABLE-A)
DO FOR I «1 TO N
Je=I+1
TABLE-A(1I,1) & (YO-TABLE-INPUT(J,2))/LIST-SO(J)~-
(YO-TABLE-INPUT(I1,2))/LIST-SO(I)
END DO
DO FOR 1«1 TO N
Ja=I+1
TABLE-A(I,2) « (YO-TABLE-INPUT(I,1))/LIST-SO(I)~
(X0-TABLE-INPUT(J,1))/LIST-S0(J)
END DO
END MATRIX-A(TABLE-A)
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MODULE 50
ALGORITHM FIX-BY-TWO-RANGES-AND-ONE-AZIMUTH
Ne3
Pl «3.141592653589793
DO FOR I«1 TO 3
INPUT TABLE-INPUT(I,1),TABLE-INPUT(I,2),TABLE-INPUT(I,4)
END DO
DO FOR I«1 TO 2
OUTPUT'ST#',I,'EAST=",TABLE-INPUT(I,1), 'NORT=',6TABLE-
INPUT(I,2),"'ST ERROR=',TABLE-INPUT(I,4), 'METERS'
END DO
OUTPUT'ST#3EAST=",TABLE-INPUT(3,1), 'NORT=',TABLE-
INPUT(3,2),'ST ERROR=',6TABLE-INPUT(3,4), 'DEGREES"
ALGORITHM CONVERSION-DEGREES-RADIANS(TABLE-INPUT(3,4))
TABLE-INPUT(3,4) «-TABLE-INPUT(3,4)%(P1/180.0)
END CONVERSION-DEGREES-RADIANS(TABLE-INPUT(3,4))
INPUT TABLE-INPUT(1,3),TABLE-INPUT(2,3),TABLE-INPUT(3,3)
2 DO WHILE TABLE-INPUT(1,3)#0.0
1! OUTPUT'OBSERVED RANGE DISTANCES AND AZIMUTH ANGLE'

v
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OUTPUT'R1=',TABLE-INPUT(1,3), 'METERS'

OUTPUT'R2=',TABLE-INPUT(2,3) , 'METERS'

OUTPUT'A=',TABLE-INPUT(3,3),'DEGREES'

ALGORITHM CONVERSION-DEGREES-RADIANS(TABLE~-INPUT(3,3))
TABLE-INPUT(3,3) « TABLE-INPUT(3,3)%(PI1/180.0)

END CONVERSION-DEGREES-RADIANS(TABLE-INPUT(3,3))

MODULES 51,52,5,53,7

INPUT TABLE-INPUT(1,3),TABLE~INPUT(2,3),TABLE-INPUT(3,3)

END DO
END FIX~BY-TWO-RANGES-AND-ONE~AZIMUTH

MODULE 51
ALGORITHM FIRST-INITIAL-POINT(TABLE-INPUT)

E e TABLE-INPUT(1,3)%**2-TABLE-INPUT (2,3 )%%2+
TABLE~INPUT(2,2)*%2-TABLE-INPUT(1,2)%*2+
TABLE-INPUT(2,1)**2-TABLE-INPUT(1,1)%%2

IF TABLE-INPUT(2,1)#TABLE-INPUT(1,1) THEN
El «( (TABLE-INPUT(1,2)~-TABLE-INPUT(2,2))/

(TABLE-INPUT (2,1 )=TABLE-INPUT(1,1)))¥%%2+1.0

E2 & (E*(TABLE-INPUT(1,2)~-TABLE-INPUT(2,2)))/
((TABLE-INPUT(2,1)~TABLE~INPUT(1,1))%%2)=
2.0*TABLE-INPUT(1,1)%((TABLE-INPUT(1,2)~-TABLE~-
INPUT(2,2))/(TABLE~INPUT(2,1)~TABLE-INPUT(1,1)))-2.0%
TABLE-INPUT(1,2)

E3 « (E/(2.0%(TABLE-INPUT(2,1)-TABLE-INPUT(1,1))))*¥2-
(E*TABLE-INPUT(1,1)) /(TABLE-INPUT(2,1)-TABLE-
INPUT(1,1))=TABLE-INPUT(1,3)**2+TABLE-INPUT(L,1)%**2+
TABLE-INPUT(1,2)%%2
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E4 ¢ E2%%2-4 ,0%EL*E3
ok IF E4<0.0 THEN
| X0 & TABLE-INPUT(1,1)+TABLE-INPUT(1,3)*(TABLE-INPUT(2,1)-
2 TABLE-INPUT(1,1))/SQRT((TABLE-INPUT(2,1)~
TABLE~INPUT(1,1)%%2+(TABLE~INPUT(2,2)-
TABLE-INPUT(1,2))%*2)

YO «TABLE~INPUT(1,2)+TABLE-INPUT(1,3)*(TABLE-INPUT(2,2)~
TABLE~-INPUT(1,2))/SQRT((TABLE-INPUT(2,1)-
TABLE-INPUT(1,1))%**2+(TABLE-INPUT(2,2)-
TABLE~-INPUT(1,2))**2)

ELSE E4=0.0 THEN

YO « -E2/(2.0%E1)

X0 «E/(2.0%(TABLE-INPUT(2,1)~TABLE-INPUT(1,1)))+
YO* (TABLE-INPUT(1,2)-TABLE~INPUT(2,2))/
(TABLE-INPUT(2,1)-TABLE-INPUT(1,1))

ELSE
YOl «(-E2+SQRT(E4))/2.0%El)
X01 «E/(2.0%(TABLE-INPUT(2,1)~-TABLE-INPUT(1,")))+
YO1*(TABLE-INPUT(1,2)-TABLE-INPUT(2,2))/
(TABLE-INPUT(2,1)-TABLE-INPUT(1,1))
Y02 «(-E2-SQRT (E4) )/ (2.0%El)
X02 «E/(2.0%(TABLE-INPUT(2,1)-TABLE-INPUT(1,1)))+
YO2#% (TABLE~INPUT(1,2)~-TABLE-INPUT(2,2))/
(TABLE~INPUT(2,1)~TABLE~INPUT(1,1))
IF TABLE-INPUT(3,1)=X01 AND TABLE-INPUT(3,2)=YOl THEN
X0 « X02
YO «Y02
ELSE IF TABLE-INPUT(3,1)=X02 AND TABLE-INPUT(3,2)=
YO2 THEN
X0 «X01
YO «YO1
ELSE
CALL CRITERIUM(TABLE-INPUT(3,1),TABLE-INPUT(3,2),
X01,Y01,A301)
CALL CRITERIUM(TABLE-INPUT(3,1),TABLE-INPUT(3,2),
X02,Y02,A302)
IF A301=TABLE-INPUT(3,3) AND A301=A302 THEN
OUTPUT ' SOLUTION UNDETERMINED FOR THAT DATA SET'
PICK UP ANOTHER DATA SET
) %2
)

ELSE IF ((A301-TABLE-INPUT(3,3))*
*"2) THEN

)
((A302-TABLE-INPUT(3,3)
X0 + (X01+X02)/2.0
YO & (Y01+Y02)/2.0
ELSE IF ((A301-TABLE-INPUT(3,3)):
( (A302-TABLE-INPUT(3,3))

X0 «X02
YO « Y02

*2) >
*%2) THEN

%
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ELSE IF ((A301-TABLE-INPUT(3,3))**2) <
((A302-TABLE-INPUT(3,3))**2) THEN

X0« X01
YO «YOl

END IF

END IF
END IF
ELSE

YO« E/(2.0%(TABLE-INPUT(2,2)-TABLE-INPUT(1,2)))
F « TABLE-INPUT(1,3)%%2~(TABLE-INPUT(1,2)-Y0)*%*2
IF F £0.0 THEN
X0 «TABLE-INPUT(1,1)
ELSE
X01 < TABLE-INPUT(1,1)+SQRT(F)
YOl «YO
X02 «~TABLE-INPUT(1,1)~-SQRT(F)
Y02 «~YO
IF TABLE-INPUT(3,1)=X01 AND TABLE-INPUT(3,2)=Y0l1 THEN
X0 «X02
ELSE IF TABLE-INPUT(3,1)=X02 AND TABLE-INPUT(3,2)=
Y02 THEN
X0+ X01
ELSE
CALL CRITERIUM(TABLE-INPUT(3,1),TABLE-INPUT(3,2),
X01,Y01,A301)
CALL CRITERIUM(TABLE-INPUT(3,1),TABLE-INPUT(3,2),
X02,Y02,A302)
IF A301"TABLE INPUT(3,3) AND A301=A302 THEN
OUTPUT 'SOLUTION IS UNDETERMINED FOR THAT DATA SET !
PICK UP ANOTHER DATA SET
ELSE IF ((A301-TABLE-INPUT(3,3))%%2)=
((A302-TABLE-INPUT(3,3))*%*2) THEN
X0« X01
ELSE IF ((A301-TABLE-INPUT(3,3))*%*2) >
((A302-TABLE-INPUT(3,3))**2)THEN
X0« X02
ELSE IF ((A301-TABLE-INPUT(3,3))*%2) <
((A302-TABLE-INPUT(3,3))**2) THEN
X0« X01
END IF
END IF
END IF
END IF
END FIRST INITIAL-POINT(XO,YO)

MODULE 52
ALGORITHM ITERATIONS (TOLERANCE)
DO UNTIL TOLERANCE <1.0
MODULES 54,55,56,57,58,2,59,12,13,14
END DO
END ITERATIONS(X0,YO)
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MODULE 53
ALGORITHM PRECISION(TABLE-A,TABLE-WEIGHT,TABLE-Q,LIST-L,DELTA-X,
DELTA Y,N,S30)
MODULES 18,19,60,21,22
END PRECISION (SU,SX,SY,SXY,RO)

MODULE 54
ALGORITHM A30(TABLE-INPUT,XO,YO)

CALL CRITERIUM(TABLE-INPUT(3,1),TABLE-INPUT(3,2),X0,Y0,A30)
END A30(A30)

3 MODULE 55

. ALGORITHM DISTANCES(TABLE-INPUT,XO0,YO)

B $10 «~SQRT ( (TABLE-INPUT(1,1)~X0)**2+(TABLE~INPUT(1,2)~
YO )*%2)

S$20 «SQRT((TABLE-INPUT(2,1)-X0)%**2+(TABLE~INPUT(2,2)-
M YO)**Z)

A $30 «SQRT((TABLE~INPUT(3,1)-X0)**2+(TABLE~INPUT(3,2)-
- YO )#**2)

ﬁ END DISTANCES

3

F

MODULE 56
ALGORITHM MATRIX-A(TABLE-INPUT,X0,Y0,S10,S20,S30,A30)
TABLE-A(1,1) e (XO-TABLE-INPUT(1,1))/S10
TABLE-A(1,2)e=(YO-TABLE-INPUT(1,2))/S10
TABLE-A(2,1) « (XO-TABLE-INPUT(2,1))/S20
TABLE-A(2,2) «(YO-TABLE-INPUT(2,2))/S20
TABLE-A(3,1)«COSINE(A30-TABLE-INPUT(3,3))*(Y0-
TABLE-INPUT(3,2))/S30+SINE(A30-TABLE-INPUT(3,3))*
(XO~-TABLE-INPUT(3,1))/S30
TABLE-A(3,2) «COSINE(A30-TABLE-INPUT(3,3))*(TABLE-
INPUT(3,1)~X0)/S30+SINE(A30-TABLE-INPUT(3,3))*(YO-
TABLE-INPUT(3,2)))/S830
END MATRIX-A(TABLE-A)

MODULE 57

ALGORITHM LIST-L(TABLE-INPUT,S10,520,S30,A30)
LIST-L(1l)« TABLE-INPUT(1,3)-S10
LIST-L(2) <~ TABLE-INPUT(2,3)-S20
LIST-L(3) «~SINE(TABLE-INPUT(3,3)-A30)*S30

END LIST-L(LIST-L)

MODULE 58

ALGORITHM BEFORE-WEIGHT-MATRIX(TABLE-INPUT(3,4),S30)
TABLE-INPUT(3,4) « S30*SINE(TABLE-INPUT(3,4))

END BEFORE-WEIGHT-MATRIX(TABLE-INPUT(3,4))
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MODULE 59

ALGORITHM AFTER-WEIGHT-MATRIX(TABLE-INPUT(3,4),S30)
TABLE-INPUT(3,4) < ARC SINE(TABLE-INPUT(3,4)/S30)

END AFTER-WEIGHT-MATRIX(TABLE-INPUT(3,4))

MODULE 60
ALGORITHM ST-DEVIATION-OF-EACH-OBS(SU,TABLE-WEIGHT,S30)
OUTPUT 'PRECISION OF OBSERVATIONS'
DO FOR 1«1 TO 2
S «(SU/SQRT(TABLE-WEIGHT(I,J)))
OUTPUT'ST DEVIATION OF OBS',I,'=',S,'METERS'
END DO
S «ARC SINE(SU/(SQRT(TABLE-WEIGHT(3,3))*S30))*(180.0/PI)
OUTPUT'ST DEVIATION OF OBS 3=',S, 'DEGREES'
END ST-DEVIATION-OF-EACH-0BS

MODULE 70
SUBROUTINE CRITERIUM(XS,YS,XP,YP,ASP)
PI+ 3.14159 26535 89793
IF YP=YS AND XP > XS THEN
ASP«PI/2.0
ELSE IF YP=YS AND XP< XS THEN
ASP« 3.0%P1/2.0
ELSE
ALFA « ARC TANGENT ((XP-XS)/YP-YS))
IF ALFA 2 0.0 AND XP>» XS THEN
ASP« ALFA
ELSE IF ALFA <0.0 AND XP < XS THEN
ASPe« ALFA+2 ,0*P1
ELSE
ASP«ALFA+PI
END IF
END IF
RETURN
END CRITERIUM
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NUMBER OF STATIONS= 3

ST# 1 EAST= 595794.50 NORT= 4055042.70 ST ERROR= 0,0200
ST# 2 EAST = 597967.80 NORT= 4053453.20 ST ERROR= 0.0240
ST# 3 EAST= 603425.20 NORT= 4053917.20 ST ERRCOR= 0.0189

OBSERVED AZIMUTHS
AZIMUTH FRCM STATION# 1 76.017 DEGREES
AZIMUTH FRCH STATION# 2 45.541 DEGREES
AZIMUTH FRCM STATION# 3 =313.005 OEGREE S

ADJUSTED CGGRDINATES X= 600868.306 Y= 4056302.781

PRECISION OF OBSERVATICNS
ST CEVIATICN OF 0BS 1 =0.031 ODEGREES
ST DEVIATICN OF CBS 2 =0.038 DEGREES
ST DEVIATICN OF 038S 3 =0.0283 DEGREES
SX= 2,13 SY= 1.70 SXY= -0.862
CORRELATICN COEFFICIENT RGC=-.2%4

T

YTy

ERROR ELIPSE SEMI-AXIS AMND ORIENTATION
SEMI-MAJCR AXIS SA= 2.283

SEMI-MINGR AXIS S8= 1.636

ANGLE FRCM X-AXIS TO SA ANTICLOCKWISE=157.0DEG

B3 I A8 R-aa

Dk A 1 A0 bai a4




NUMBER CF SEXTANT ANGLES= 3

ST4 1 EAST= 603425.20 NORT= 4053917.20 ST ERROR= 1.,0009
ST# 2 EAST= €00372.00 NORT= 4051216.90 ST EFRROR= 1.0000
ST4 3 EAST = 597967.30 NORT= 4053453,20 ST ERROR= 1,0000
ST4 &4 EAST= 595794 .50 NORT= 4055042.70

OBSERVED SEXTANT ANGLES
SEXTANT ANGLE BETWEEN ST# 1 AND ST# 2
SEXTANT ANGLE BETWEEN ST# 2 AND ST# 3
SEXTANT ANGLc BETWEEN ST# 3 AND ST# 4

49.927 DEGREES
38.130 DEGREES
30.396 DEGREES

ADJUSTEC CCORDINATES X= 600864 .586 Y 4056512.323

" PRECISION CF OBSERVATIONS
ST OEVIATICN CF 08S 1 =0.007 DEGREES
ST DEVIATION GF GBS 2 =0.007 OEGREES
ST DEVIATICN CF 08S 3 =0.007 ODEGREES
SX= 1.02 SY= 0.48 SXY=  ~0.097
CORRELATICN CGEFFICIENT RO=-.20

ERRJR ELIPSE SEMI-AXIS AND ORIENTATION
SEMI-MAJCR AXIS SA= 1.050

SEMI-MINOR AXIS S8= (.480

ANGLE FRCM X=-AXIS TO SA ANTICLOCKWISE=173,3DEG
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ST# 1 EAST = 595794.50 NORT= 4055042.70 ST ERROR= 17.000 METERS
ST# 2 EAST = 603425.20 NORT= 4053917.20 ST ERROR= 10.000 METERS
ST4 3 EAST= £97967.80 NORT= 4053453.20 ST ERPROR= 0.024 ODEGREES

" OBSERVED RANGE DISTANCES AND AZIMUTH ANGLE
Rl= 5233.00 METERS
R2= 3515.C0 METERS
A= 45.54 DEGREES

ADJUSTED CCGRDINATES X= 600872.166 Y= 4056304.120

PRECISION CF CBSERVATIONS
ST DEVIATICON CF G8S 1
ST DEVIATICN CF 0BS 2 3.45 METERS
ST DEVIATICN QGF CBS 3 0.008 DEGREES
SX= 2.386 Sy= 2.88 SXY= 7.911
CORRELATICN CCEFFICIENT RGC= 0.96

3.45 METERS

ERROR ELIFSE SEMI-AXIS AND ORIENTATION
SEMI-MAJOR AXIS SA=14,.265

SEAI-MINOR AXIS SB= 2,051

ANGLE FROM X-AXIS TO SA ANTICLOCKWISE= 45 .2DEG
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